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A Bochner Formula on Path Space for the Ricci
Flow

Christopher Kennedy

Abstract

We generalize the classical Bochner formula for the heat flow on evolving manifolds (M, gt) (01|
to an infinite-dimensional Bochner formula for martingales on parabolic path space PM of space-
time M = M x [0, T]. Our new Bochner formula and the inequalities that follow from it are strong
enough to characterize solutions of the Ricci flow. Specifically, we obtain characterizations of the
Ricci flow in terms of Bochner inequalities on parabolic path space. We also obtain gradient and
Hessian estimates for martingales on parabolic path space, as well as condensed proofs of the
prior characterizations of the Ricci flow from Haslhofer-Naber [HN18a]. Our results are parabolic
counterparts of the recent results in the elliptic setting from [HN18b].
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1 Introduction

The goal of this paper is to prove a Bochner formula on path space for the Ricci flow,
and to discuss some applications. This generalizes the Bochner formula on path space for
Einstein metrics from Haslhofer and Naber [HN18b].

Throughout this paper, we shall use the convention that an evolving family of manifolds
is a smooth and complete family of Riemannian manifolds (M", g¢)¢cr such that

sup (|Rm| + [9:g] + [Vorg|) < co. (1)
MxI

1.1 Background on Characterizations of Einstein Metrics

To begin, let us recall some well-known characterizations of when a Riemannian manifold
(M, g) is a supersolution to the Einstein equations. Let H;f denote the heat flow of a
function f : M — RR. Then its gradient satisfies the Bochner formula

(0 — A)|VH f|* = =2|V2H,f|* + 2Re(VH, f, VHif). 2)

Using this, an equivalence between supersolutions of the Einstein equations, the classical
Bochner inequality and the gradient estimate readily follows, i.e.

Rc>0 <= (9 — A)|VHf]? < —2|V2H,f]? 3)
<= |VH;f| < H{|Vf], 4)

for all test functions f : M — R.

Until recently, however, there was no analogous characterization of solutions to the Ein-
stein equations. Such a characterization was discovered by Naber [Nab13] by employ-
ing the analytic properties of path space PM = C([0,0), M). This path space is natu-
rally endowed with a family of Wiener measures {IP,} of Brownian motion starting at
x € M. One then introduces a notion of stochastic parallel transport and the correspond-

ing family of parallel gradients {V|S| }. Using this foundation, Naber [Nab13] developed
an infinite-dimensional generalization of the gradient estimate (4) to characterize solu-
tions of the Einstein equations. Namely, he proved that

Re=0 <= )vx/ Fd]Px‘ g/ VIE| ap,, (5)
PM PM

for all test functions F : PM — R.

Interesting variants of these characterizations and estimates have been obtained in [CT18a],
[CT18b], [Wulé], [FW17] and [WW18].



Later, Haslhofer and Naber [HN18b] proved an infinite-dimensional generalization of
(3). Namely, they showed

Rc =0 <= d|VsE|? > (Vi|VsE|?, dW;) (6)
for all martingales F; : PM — RR.

Using the infinite-dimensional Bochner formula (6), they gave a simpler proof of the
infinite-dimensional gradient estimate (5) in a similar vein to how the classical Bochner
formula (3) readily implies the classical gradient estimate (4).

1.2 Background on Characterizations of Ricci Flow

To motivate the characterization of solutions of the Ricci flow, let us first recall character-
izations of supersolutions, namely evolving Riemannian manifolds (M, g¢)cr such that

atgt 2 —ZRCgt. (7)

To begin, consider the heat flow Hy f on this evolving background, namely the solution
of the heat equation d;u = Ag,u with initial condition f at time t = s. Then its gradient
satisfies the Bochner formula

(0t — Ag, ) [VHst > = —2|V?Hst f|? + (3igt + 2Reg, ) (VHst f, V Hst ). 8)

Using this, an equivalence between supersolutions of the Ricci flow, the Bochner inequal-
ity and the gradient estimate readily follows, i.e.

918t > —2Rcy, <= (31 — Ag,)|[VHyf> < —2|V*Hgf|? ©)
< |VHStf| < Hst|Vf|, (10)

for all test functions f : M — R.

To generalize the inequality (10) to an infinite dimensional estimate, Haslhofer and Naber
[HN18a] considered space-time M = M x I equipped with the space-time connection
defined on vector fields by

VY = VY, VY =3 + sagi(y, ) a1

The main difference, compared to the infinite dimensional estimate that characterizes Ein-
stein metrics, is that the parabolic path space Pr.M only consists of continuous space-time
curves {yr = (T — T, x¢) } that move backwards along the time-axis with unit speed and
start at fixed time T € I. This path space is naturally endowed with a family of parabolic
Wiener measures {IP(, 1)} of Brownian motion starting at (x,T) € M and parabolic

stochastic parallel gradients {Vtu}gzo defined via (11). Using this framework, Haslhofer



and Naber proved an infinite-dimensional generalization of the gradient estimate (10)
that characterizes solutions of the Ricci flow. Namely, they proved that

atgt prmy _2cht <:> ‘Vx /I;TM Fd]lj(x’T)

< vIE| 4P 12
> /PTM | 0 | (x,T) (12)
for all test functions F : Py M — RR.

Some nice variants of these characterizations have been obtained by Cheng and Thal-
maier [CT18b]. Moreover, Cabezas-Rivas and Haslhofer [CH19] found an interesting link
between estimates in the elliptic and parabolic settings.

However, there is no analogous treatment of the Bochner inequality (6) in the time-dependent
setting. The primary goal of this paper shall be to prove such an equivalent notion.

1.3 Bochner Formula on Parabolic Path Space

Let (M, gt)ter be a family of evolving manifolds and let M = M x I be its space-time
equipped with the space-time connection defined on vector fields via (11). Next, as in
Section 1.2, we consider the parabolic path space PrM, given by

PrM := {(xT, T — 7)o nx € C([O, T],M)}, (13)

and endow this space with the parabolic Wiener measure of Brownian motion on space-
time, IP(, 1), based at (x,T) € M as well as the associated parabolic parallel gradients

V(u defined via stochastic parallel transport on space-time M. To explain these notions
in more detail, first recall that the solution to the heat equation d;u = Ag,u with initial
condition f at time t = s is given by convolving with the heat kernel i.e.

Hatf (x) = [ H(x,ty,5)f(5) dVg, (v). (14
The Wiener measure PP, 1) is then uniquely characterized in terms of the heat kernel by
]P x T [XTl S ul/ . XTk € uk] (15)

_ /u | /u (T, T=t)eHen, Tl T-m)dVoly, _ (xr) Vol __ ()

Moreover, the stochastic parallel gradient V(UF (7v) € (TxM, gr) of a function F : PrM —
IR, is expressed in terms of the Fréchet derivative by

DyeF(7) = (VaF(7),0) (rmgr): (16)

where V7 is the vector field along v defined by V¢ = P; 101[(,,T] (1), where {P:} is the
family of isometries that stochastic parallel transport (Tx. M, g7—1) onto (TxM, g1).
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With the aim of generalizing (9) to an infinite-dimensional estimate, we consider mar-
tingales on parabolic path space, i.e. £;-adapted integrable processes Fr : P, )M — R
that satisty

FTl = ]E[FT2|Z‘T1]I (17)

where E[- | 2] denotes the conditional expectation with respect to the c-algebra X of
events observable at time 7.

For example, if F(y) = f(m17y), where f : M — Rand 1y : M x I — I, then the
induced martingale F; = E[F | X;] for T < Ty is given by

Fe(v) = Hr—,1—<f (m1777) (see example 2.18). (18)

Specifically, martingales generalize heat flow. This analogue between martingales and
heat kernels will motivate our development of the following generalized Bochner formula
on PM.

Theorem 1.1. (Generalized Bochner Formula on PM) Let Fr : P, 1yM — R be a martingale
on the parabolic path space of space-time. If o > 0 is fixed, then

d(|VIE?) = (VIIVIE2 dwy) + (¢ + 2Re)«(VHE,, VIE) dr
+2|VIVIE 2 ar + 2V, 126, (1) dr, (19)
where (¢ + 2Rc)7 (v, w) = (gt + 2Reg,)|i=1—(P7 v, Py lw) and ¢ = Lg.

This generalized Bochner formula proves to be a fundamental tool in characterizing the
Ricci flow. Note that, if (M, g¢)te1 evolves by Ricci flow, this formula reduces to

d(|\VIEP) = (VUIVIE 2 awy) + 2/ VIV IE Pdr + 2|VIE 2o, (t)dr,  (20)

and this trivially implies the following infinite-dimensional generalization of Bochner
inequality (9) in the time-dependent setting

d(VIEP) > (VYR 2 daw,) + 2| VIV IE 2dr + 2| VIE, 26,(1) dr. 1)

In contrast to the heat flow Bochner inequality, this generalized martingale Bochner in-
equality (21) as well as the estimates that follow from it are strong enough to help exhibit
solutions and not just supersolutions of the Ricci flow.

Specifically, Theorem 1.1 has four main applications:

e acharacterization of the Ricci flow via Bochner inequalities for martingales on parabolic
path space;

e gradient estimates for martingales on parabolic path space;
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e Hessian estimates for martingales on parabolic path space;

¢ anew and much simpler proof of the characterization of solutions of the Ricci flow
by Haslhofer and Naber in 2018 [HN18a, Theorem 1.22],

which will be discussed in Section 1.4.

To explain the meaning of Theorem 1.1 in the simplest example, this generalized Bochner
formula on PM directly reduces to the standard Bochner formula in the case of 1-point
functions, i.e. when Fr(y) satisfies equation (18). That is, the evolution of |VHr_1, 7—f|?
for T < 1 is calculated as

(_aT - AgT—T) |VHT—T1,T—Tf|2 < _2|VZHT—T1,T—Tf|2 (22)

in Corollary 3.5. Settings = T — 1y and t = T — 7, this explicitly recovers (9) from Section
1.2.

1.4 Applications

We will conclude with some main applications of our Bochner inequality (21). First, we
shall develop a new characterization of the Ricci flow.

Theorem 1.2. (New characterizations of the Ricci Flow) For an evolving family of manifolds
(M", gt)te1, the following are equivalent to solving the Ricci flow 9;g; = —2Rcy,:

(C1) Martingales on parabolic path space satisfy the full Bochner inequality
dVIE2 > (Vo | VIE 2 dWe) + 2| VIVIE 2 dr + 2| VIE, 2o, () dr  (23)
(C2) Martingales on parabolic path space satisfy the dimensional Bochner inequality
AIVIEL > (Vo VIR P awe) + 2|8l F e 1 2V Poc(r)ar (29
(C3) Martingales on parabolic path space satisfy the weak Bochner inequality
d|VYF [ > (Vo |VIE 2, dWe) + 2|V IE, [26,(7) dT (25)
(C4) Martingales on parabolic path space satisfy the linear Bochner inequality

dIVIE| > (Vo |VIE |, dWy) + |VIE,|6.(7) dr (26)

(C5) If F; is a martingale, then T — |V(|7|FT| is a submartingale for every o > 0.

Second, we shall obtain gradient estimates for martingales on parabolic path space.



Theorem 1.3. (Gradient Estimates for Martingales on Parabolic Path Space) For an evolving
family of manifolds (M", gt)te1, the following are equivalent to solving the Ricci flow 9:gr =
—2Rcy,:

8t

(G1) Forany F € L*>(PM), o fixed and 7, < Ty, the induced martingales satisfies the gradient
estimate

VY| < Een [|vl,‘FT2| \zﬁ} : 27)

(G2) Forany F € L2(PM), o fixed and 7, < T, the induced martingales satisfies the gradient
estimate

VIEL 2 < By [ IVIF P24 - (28)

Note that in the case of ¢ = 79 = 0, (G1) reduces to the infinite-dimensional gradient
estimate (12).

Next, we shall obtain Hessian estimates for martingales on parabolic path space.

Theorem 1.4. (Hessian Estimates for Martingales on Parabolic Path Space) For an evolving
family of manifolds (M", ¢;)tc; and a function F € L?(PM), it holds that:

(H1) For each o > 0, we have the estimate
Ip 2 iollollg 2 pp
]E(x,T) |:|VU'FU'| } +2]E(x,T)/O |:|VTVUFT| } dt < IIE‘(x,T) [|VUF| ] . (29)
(H2) We have the Poincaré Hessian estimate

2
E (1) [(F_]E(x,T) [FD }
e ol ! I
+2/ / Er) |IVIVIE] dodr g/ Eor [IVIER] do. (30)
o Jo 0
(H3) We have the log-Sobolev Hessian estimate
Eyr) [P In(F2)] — By [F2)In (B [F]) (31)

+2/T /TIE(x T) [(FZ)TWHV('rlln((FZ)T)H dodt < 4/TIE(X n [|ch1:|2] o
0 Jo ' <4 :

Finally, our generalized Bochner formula on parabolic path space leads to a simpler
proof of the characterization of solutions of the Ricci flow found by Haslhofer and Naber
[HN18a].

Theorem 1.5. (Characterization of Solutions of the Ricci Flow) [HN18a, Theorem 1.22] For an
evolving family of manifolds (M", gt)te, the following are equivalent:
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(R1) (M", gt)ter solves the Ricci flow 9:gt = —2Rcy,.

(R2) For every F € L*(PM), we have the gradient estimate

|V 1) [FI| < By [ VP (32)
(R3) Forevery F € L*(PM), the induced martingale { Fr } ¢ o | satisfies the quadratic variation
estimate
d[F, F|- 2
E(. 1) { I } < 2E(, 1) [|VTF| ] : (33)

(R4) The Ornstein-Uhlenbeck operator L, +,) on parabolic path space L%(P.M) satisfies the log-
Sobolev inequality

]E(x,T) [(FZ)Tz log((Fz)Tz) - (Fz)'fl log((Fz)’ﬁ)} < 2]E(x,T) [<F, £(T1,T2)F>] . (34)

(R5) The Ornstein-Uhlenbeck operator Ly, ,) on parabolic path space L?(PM) satisfies the
Poincaré inequality

E (1) [(FTZ - Fn)z] <E@r) [<PI‘C(T1,T2)F>] : (35)

Our new proof is much shorter. For example, to derive (R2), integrate (C4) from 0 to T,
and take expectations

T (C4) T
E) { | aIviE] dr} > Er) { | (el OIEe] dWe) + [V Eo e (7) dr} (36)
= E(yr) [|[VUF|] — B [ VIR ] > 0 37)

Then take limits as c — 0 to yield the result
VA [Fll = ey [IVOFol| < B [IVOFI] - (38)

The article is organized as follows:

e In Section 2, we shall discuss the geometric and probabilistic preliminaries needed
for the proofs ouf our main theorems.

e In Section 3, we shall prove Theorem 1.1, the Bochner formula for martingales on
parabolic path space.

e In Section 4, we shall discuss the four aforementioned applications of our analysis
on path space, i.e. Theorems 1.2,1.3,1.4 and 1.5.

Acknowledgements. The author has been supported by the Ontario Graduate Scholar-
ship and he acknowledges his supervisor Robert Haslhofer for his invaluable guidance
and support in bringing this paper into fruition over the last year.
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2 Preliminaries

2.1 Geometric Preliminaries

To begin this section, we shall recall the concepts relevant to the construction of the frame
bundle on evolving manifolds. An expression of the canonical horizontal (H, and D;) and
vertical (V,;) vector fields and their commutators will complete this preliminary section.

In time-independent geometry, given a complete Riemannian manifold M, one consid-
ers the orthonormal frame bundle 7 : F — M, where the fibres are orthonormal maps
Fy := {u : R" — TyM orthonormal}. To each curve x; € M, one can associate a horizon-
tal lift u; € F. In particular, to each vector X € TyM, given u € 1 (x), one can associate
its horizontal lift X* € T, F.

We shall now explain, following [Ham93| and [HN18a], how these notions can be adapted
to the time-dependent setting. To make the appropriate adjustment, we begin by defining
space-time M and the equipped connection V as follows:

Definition 2.1. (Space-time) Let (M, gt )tc1 be an evolving family of Riemannian manifolds. The
space-time is then defined as M = M x I equipped with the space-time connection defined on
vector fields by VxY = V%’SY and VY = 0;Y + %atgt(Y, e,

Also observe that this choice of connection is compatible with the metric, namely

d
F (X Y)g = (ViX,Y)g + (X, ViY)g,. (39)

Generalizing the earlier time-independent construction, we consider the O,-bundle 7 :
F — M, where the fibres are given by F, ;) := {u : R" — (TxM, g;) orthonormal}.

To each curve 7; € M, we can now associate a horizontal lift u; € F. Namely, given
up € 71 1(79), the curve u; is the unique solution of 7t(ut) = 7 and V., (ure;) = 0 for
a € {1,2,..,n}, where V is the space-time connection from Definition 2.1. More explicitly,
we provide the following formal definition:

Definition 2.2. (Horizontal lift) Given a vector aX + poy € T, )M and a frame u € F, ),
there is a unique horizontal lift « X* + BD; satisfying 1. (aX* + BD;) = aX + Bo;. In particular,
X* is the horizontal lift of X € TxM with respect to the fixed metric g;.

Note that there are n + 1 canonical horizontal vector fields on F, namely the time-like
horizontal vector field D; defined as the horizontal lift of d; and the space-like horizontal
vector fields {H,}_, defined by H,(u) = (ue,)*. Also note the notion of vertical vector
fields given by Vab(“) = %L“.:O(u exp(eAab)) where (Aab)cd = (5ac(5bd - 5bcéad) €M, (IR)
We now want to express these horizontal and vertical vector fields in local coordinates as
follows:

Definition 2.3. (Local coordinates) We view F as a sub-bundle of the GL,,-bundle 7 : G — M
where G,y = {u: R" — (TyM, g¢) invertible, linear}. Then, when given local coordinates

(x1,...,x",t) on M, we get local coordinates (x',t, eﬁ) on G, where ei, is defined by ue, = e{,%.
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Also note that on F we have 6, = g(ue,, ue,) = gijefleé and thus we can express the
inverse metric as

g = ehel. (40)
It now remains in this section to both write out the canonical vector fields explicitly in
local coordinates and derive some commutator relations between them.

Lemma 2.4 (cf. [Ham93]). In local coordinates, the canonical horizontal vector fields H, and D;
and canonical vertical vector fields V;, can be expressed as

0 0
H, = eui —eu kaa / (41)
0 )
Vp=e 2 —e L (42)
% e
1~ 0
D; = 9d; — Eatgabeﬁﬂ, (43)

where (918)ap (1) 1= (918) () (1Ea, uep).

Proof. The canonical horizontal vector fields, H, are exactly the same as in [Ham93].

Next, considering the curve u(e) = uexp(eAy ), recall that eé and Agpe. are defined via

the relations ue, = ¢.-2- and A pe. = bcq¢ — Oopes. Then derive
ab b cb

1(0)ec = ¢/ (O)i = UApec = Spcliey — Opolica = (5 P d) 9 (44)
c ox a c b c P
whence
iy 0 : NECEEE .
Vap = 11(0) = é0(0) — = (dacel, — ucen) —5 = €, — — eg— (45)
a c ae]C (acb ca)ae]C bae{l aaeé

Finally we recall that D; is defined as the horizontal lift of d;. More explicitly, given
ug € F, suppose 7t(ug) = (xo,tp) and ¢ := (xo, to + t) and let u; be the horizontal lift of
7¢. Then, we have that Dy(ug) = % |t=ou+. Recalling Definition 2.1, and using the tensorial

transformation rule @ 2 = Ot gjke{;e’lj (see equation (52) below), we compute

(o) - D i(3)
= dE;tﬁ) % + %eéatgjkgkgaixg (47)

_die) 2. ﬁle;atg]kegeg;p @

_d(eh) 9 L9 (49)

At oxl Eafgﬂb b ol
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It follows that, since ; = 9; and ue, = eﬁ(t) d

WI
9 d d
Vi) = Vi (eh0) 507 ) = (0D + 305t ) 50 =0 (G0
By exhibiting Dy (1) in local coordinates
9 d d ’ 0 1~ 4,0
Di(ug) =0- a0 Tl 5 T gl=olea (t))a—eg_at_iatg”beba—eﬁ' (51)
we conclude the proof. O

We now recall that the time-dependent tensor fields T correspond to equivariant functions
T on F. For example, a function f : M — R corresponds to the invariant function
f = fomr:F — Rand a time-dependent two-tensor T = Tij(x, t)dx' ® dx/ corresponds
to an equivariant function T = (T, ) : F — R via Ty (1) = Ty (tteq, uey). Note that

identities ue, = ei, aa ;

and ue, = eb 5 k yield the transformation rule

T =T e eb (52)
Also observe that using equations (42) and (52), one obtains the formula
VarTea = Tpa08 — Taa6l + Topol — Toadl. (53)

Proposition 2.5. (Derivatives) [HN18a] From the correspondence with equivariant functions,
the first and second order derivatives of tensor fields can be computed as follows

VT = X*T (54)

V.T =D;T (55)

AT =Y H,H,T =: AyT (56)
a=1

(V2f)(ueq, uey) = HyHyf (57)

Proof. Except for the fourth identity regarding the Hessian, these are either classical re-
sults from differential geometry or have already been proven in Lemmas 3.1 and 3.3 of
[HN18a]. For this last identity, write the canonical horizontal vector fields in local coordi-
nates and compute

d kot O
HﬂHbf ( a ] ele r]k ae[) axpf (58)
0 0 J -
~ et (o F - Tl )
= ehekVVif (60)
= V?f(ueq, uey), (61)
thereby proving the proposition. O
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Next we proceed to prove a few commutator relations between the newly defined vector
field, D;, and the canonical horizontal and vertical vector fields.

Lemma 2.6 (cf. [Ham93]). The fundamental vectors fields on the frame bundle satisfy the fol-
lowing commutator relations

[Ha, Hp] = %Rabcdvcd (62)
[Vap, He] = 6acHp — SpcHa (63)
[Vavs Veal = 6paVac — 84aVoe + 0acVoa — Obc Vaa (64)
[Dt, Hy) = —%at}ude + %Hbat}ucvcb (65)
[Dy, V] = 0. (66)

Proof. We admit without proof the commutator relations not involving D; as they can be
derived from basic differential geometry. It remains to check the final two commutator
relations. To prove the first of these, between D; and the horizontal vector field H,, we
compute

- J
[atl Hﬂ] = atl e]aax]' e]ﬂ br]gka (67)
_ ¢ 9
= eaebatr]kaeg (68)
1 0
— —Ze]eb(g (V (8tgkp) + Vk(atg]p) Vp(atgjk))@ (69)
b
1 0
= —seuchelel (Vi(@igiy) + Ve@rgp) = Vo(@igiv)) = (70)
b
1 —_~— - a
- _Ee ((Vatg)abc (vatg)bac - (val‘g)cab> a—e{; (71)
. . d
= __ef(Haatgbc + Hbafgac Hcatgﬂb) (72)
2 aeb
1~ a 1 ¢ 9 ef 9 3
1 —~ a 1
= —EHa(atgbc) a / + Hb(atgac) (74)
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and

1, —~ )
[Dy — o, Ha] = [__(atgcd)eé W’Hﬂ]
1~ p 0 1 0
= atgcd |:ed a g,,Hu:| + zHg(athd)ed a E/

1 8
1 8
= — atgude—l- zHa(afgbc) e f

Next, we sum equations (74) and (78) to compute the desired commutator relation

1~ 1 —~
[Dt/ Ha] = [at/ Ha] + [Dt — d¢, Ha] = _Eatgade + EHb(atguc)Vcb

Finally, using equations (42) and (53), the commutator of D; and V,; is

1, ~ )
[Dtl Vab] = |:af - _(afgcd)eg de //l Vab]

1~ g 0 1 )
- atgcd |:ed de p/lvub:| + 2Vab(afgcd)ed de p/

—~ /0 /0 /0 /0
_ 15 V4 14 b 14
Eatgcd <ed a 7 5“ +e b 9e [’5 ed ?ﬁléc — €, aeg, §d>

[

1 —~ g 0
t5 (atgbd5? + 01805 — 018,407 atgca5d> €5, el

=0,

thereby proving this lemma on commuting canonical vector fields.

Corollary 2.7. If f : F — R is an orthonormally invariant function, then

H,Hy,f — HyH,f =0
AHHaf - HaAHjE = RCabejE/

where Regy, (1) = Rey () (ueq, uey).

Proof. This is a direct application of the commutator relations from Lemma 2.6.

Proposition 2.8. Let f : F — R be an orthonormally invariant function. Then

1 —~ —~ 5
Dy — An, Hp)f = _i(atg + 2Re)ap Hy f-
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Proof. It readily follows from Lemma 2.6 and Corollary 2.7 that

(Dt — A, Half = [Dt, Half = [An, Hal f (87)

= 2 0igaaHaf + L Hy (38, Vof — RegHif 8)

= — 5 (g + 2R, 9)

thereby proving the proposition. O
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2.2 Probabilistic Preliminaries

The principal goal of this section is to recall the notions of Brownian motion and stochas-
tic parallel transport in the setting of evolving manifolds as developed in [ACTO08] and
[HN18a].

We first remark that it shall hereafter be assumed that in addition to the Riemannian
manifolds { M;} being complete as in the previous section, they will also satisfy

sup (|[Rm| + |9;g| + |[Vsg|) < co. (90)
M

Horizontal curves {”T}re[o,ﬂ € F, where m(ur) = (x,T — 1), correspond to curves
{wr}treir € R” (also known as the anti-development of u7) via the following initial
value problem

T dwz
{ddi-r _D‘L’+Hu(ul')% (91)

wo =0.

This definition of the anti-development in the time-dependent geometry setting appro-
priately motivates the following stochastic differential equation in the case of evolving
manifolds

{dUT = Do dt + Hy(Uy) 0 dW? ©2)

UO = Uu.
We make a short note on notation that Wy ~ +/2B; refers to the Brownian motion in

R" with rescaling by a factor of v/2 such that it has quadratic variation d[W, W], =
2d[B, B]; = 2dt and o refers to the Stratonovich integral in differential notation.

Next, by demonstrating that this equation satistfies existence and uniqueness criterion as
well as It6’s lemma, the notions of Brownian motion, via projection onto M, and stochas-
tic parallel transport can be formalized.

Proposition 2.9. (Existence, uniqueness and It6’s lemma) The stochastic differential equation
(92) has a unique solution {Ux} (o 7y that satisfies 7o (Ux) = T — T. Moreover, given f : F —

R is of class C?, then the solution U, satisfies
df (Ur) = Dof(Ux)dt + ((Hf)(Uz), dWx) + A (f)(Uz) dT. (93)
Proof. This result has already been proven in Proposition 3.7 of [HN18b]. O

We shall now continue with defining the notions of Brownian motion and stochastic par-

allel transport, from [HN18a], in the setting of time-evolving families of Riemannian man-
ifolds.

Definition 2.10. (Brownian motion on space time) We call t(U;) = (X¢, T — T) the Brownian
motion on space time M = M x I with base point t(u) = (x, T).
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Definition 2.11. (Stochastic parallel transport) The family of isometries

{Pr = WU : (T, M, g1 <) = (TM, g7) } (94)
is called the stochastic parallel transport along the Brownian curve X.

This Brownian motion now inherits a path based space, diffusion measure and filtration.
First, we denote by PyR" the based path space on IR", namely the space of continuous
curves {we|wy = 0} ¢fo ) C R™

Definition 2.12. (Based path spaces) Let Py JF and P, )M be the spaces of continuous curves,
{ucluo = u, 7o(ue) = T = Theeoq) © Fand {yr = (x0, T = 7)|70 = (%, T) }re (o1 respec-
tively.

To construct the Wiener measure, we first observe that solving the stochastic differential
equation (92) yields a map U : pyR" — P, F. Moreover, the projection map 7 : F — M
induces a map I1: Py F — P 1) M.

Definition 2.13. (Wiener measure) Let Py be the Wiener measure on path space PyR". We then
say that Py, := U (Po) and P, y := 1P, are the Wiener measures of horizontal Brownian
motion on F and Brownian motion on space-time M respectively.

Moreover, we can uniquely characterize the Wiener measure in terms of the heat kernel.

Proposition 2.14. [HN18a] Let {T]’};;l be a partition of [0, T], U; € Mand g = (x,T). Then
Pl [Xg € Uy V€L k] = [ o TGH 1, T = |, T = 1) @ dVolg,_ (v;) (95)
1+

uniquely characterizes the Wiener measure on P, 1) M.
Proof. The proof follows as in Proposition 3.31 of [HN18a]. O

Next, we recall that the path space PyIR" comes equipped with an intrinsic filtration ZR"
generated by evaluation maps {e, : H)R" — R"|es(w) = w,, 0 < T}.

Definition 2.15. (Filtrations on PyF and P, 1) M) The filtrations on P, J and P 1M are
simply the respective push-forwards M := (ITo U),ZR" and 7 = U, ZR".

A short reiteration of induced martingales as well as parallel and Malliavin gradients are
constructed in the time-dependent setting will now complete this section.

Definition 2.16. (Induced martingale) Let F : P, 1yM — R be integrable. Then, we define the
induced martingale as Fr(7y) := E[F|Z:](7y).

Using this definition, the conditional expectation can now be characterized by a represen-
tation formula.
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Proposition 2.17. (Conditional expectation) [HN18a] Suppose the conditional expectation is as
defined. Then, for almost every Brownian curve {%}TG[O,T},

Fe(7) = E[FZ](0) = [ F(rlz «7)dPy (1) (96)

where we integrate over all Brownian curves ' in the based path space P, M with respect to
Wiener measure P, and * denotes concatenation of the two curves y|jo ) and «'.

Proof. The proof follows as in Proposition 3.19 of [HN18a]. O

To define the two notions of gradients, we first recall that cylinder functions are of the
form u o e, where e, : P(x’T)/\/l — MF are k-point evaluation maps, namely ¢, : ¢ —

(TT1Y0y, s Y0, ), and u MF = Ris compactly supported.

Example 2.18. Let F(vy) := foeq(y) = f(rt17y ). Then the induced martingale of F is given
fort > 1 by

Fe(n) = [, FOrlos =)y, () ©7)

= Jo_p 17 dP,. (') (98)

= f(XTl)’ (99)

and for T < 11 by

Fe(n) = [ (i *7) 4Py (7) (100)

= Jo,_p F MY P () (101)

= | FWHXe, T =ly, T—)dVy, , ) (102)

= HT—Tl,T—Tf(n—lr)/T)' (103)

Definition 2.19. (Parallel gradient) Let ¢ € [0, T] and let F : P, 1)M — R be a cylinder

function. Then the o-parallel gradient is the almost everywhere uniquely defined function V(UP :
P yM — (TxM, g1) such that

DyeF () = (VOF(),0) (romgr). (104)

for almost every Brownian curve vy and v € (TyM, gt), where V¢ = P_ 10]1[01} (T). Here, Dy
denotes the Fréchet derivative.

Example 2.20. Let F = u o e; be a k-point function with partition {”L’j};;l. Then the parallel
gradient of F is given by

VIE=er ( y PTjgradggTju) . (105)

G20
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Finally, we let H be the Hilbert space of W2 curves in (TyM, ¢1) with vy = 0 equipped
with the natural Sobolev inner product given by

T
(w00 = [ (12,90 g0 I (106)

Definition 2.21. (Malliavin gradient) Let F : P, 1yM — R be a cylinder function. The Malli-

avin gradient is the almost everywhere uniquely defined function VF : P ryM — H such
that

DyF(y) = (V*F(y),0), (107)

for almost every Brownian curve v and v € H, where V; = P 1o,
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3 Bochner Formula on Parabolic Path Space

For convenience of the reader, we shall first recall and prove the statement of Bochner’s
formula in the time-dependent setting.

Lemma 3.1. (Bochner) First let (M, gt)te1 be a family of Riemannian manifolds and gradfgt =
gij d; where Ag, be the Laplace-Beltrami operator. Then the evolution of |Vu|§t is given by

(=0 + Ag)(IVul3,) (108)

N~

1
= (Vu, V(=0; + Ag )u) + |Vul* + E(atgt + 2Rcg, ) (grad u, grad u).

Proof. We evaluate both

1 1
QAgt(W“@t) = 5ViVi(VjuVju) (109)
= (ViVju) (Vivju) + (Vju) (V,-V,-Vju) (110)
= |V?ul|* + (Vju)(VjAgu) + Reg, (grad u, grad u) (111)
and
1 1. i i
Eat(|w|§t) = Eatgltjviuv]'u +glt]Viu8t(V]~u) (112)
1 o y
= —Eatgkggklggfv,-uvju + 8/ Viudy(Vju) (113)
= (Vu,V(oiu)) — %Ehgt(grad u,grad u). (114)
We then deduce the Bochner formula as the difference of the two results. O

Theorem 3.2. (Martingale representation theorem) If Fr : P, )M — R is a martingale on
parabolic path space and F; € D(Vﬂ), then F; solves stochastic differential equation

{dl—} — (VIF, dw,) (115)

Flr_g = K.

Proof. By approximation (cf. [HN18a, Sec 2.4]), it suffices to prove the theorem in the
case where F; is a martingale induced by a k-point cylinder function. Namely, let F(y) =
f(mtiye, - 1Y), Where f : MF — R and we recall that v, = (X, T — 7). Also let
Fr = E(; ) [F|Z:] be the induced martingale. Then, for T € (7, T,11) by Propositions 2.17
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and then 2.14, we calculate
Fr(y) = / F(ljo ") dPo. (') (116)
P, M
= /P ST M, Y2y, s s TV 1) APy (7)) (117)
TT
= g fXey, oo X Yot Y HX e, T =Ty, T — T41) (118)
HWes1, T = Ts1lyera T — To2) - - HWk-1, T — Tealyie T — )
dVgT—Tk~+1 (y£+1) T dVgT—Tk (yk)
== fT(XTll“I XT(" XT)' (119)

Note that, for (xi,...,x,) fixed, (x,T) = fr(x1,..., %, x) is uniformly Lipschitz in T and
solves (3¢ + AUF1) £ = 0, where A(“*1) acts on the last entry.

Consider the lift fr := f; o ®f+17'c1 o ®f+17'c. Alsolet F; := F, oI, where IT: PF — PM.
Then we have that F;(U) = f;(Ux,, ..., Uy, Ur), which satisfies (D7 + Agﬂ))ﬂ = 0 by

applying Proposition 2.5. Also note that herein we shall denote the vector (H; f,...Hyf)
by Hf.

Then, by Proposition 2.9, we calculate

dF: (U) = d(fr (Uqy, ..., Uz, Uz)) = (HFY (F)(Uny, ..., U, Uz), dW-) (120)
+ <DT + Agj+1)> f’[‘(u’[‘y ceey u’[‘gl UT) dT
= (HY (f)(Uy,, ..., Ug, Uz ), dWy). (121)

Next, we project down to M by Proposition 2.5 as follows

HY Y Uy, oy Uy, Uy) = (Ureg)* fio (U, ooy Uy, Uy) (122)
= (Uceq) fr(Xey, - Xeys Xo) (123)
= (Ureq, grad{’ "V fr (X, ., Xepy X)) (1 Mgy o) (124)
= (PcUsreq, Prgrad{ D fo(Xey, ooy Xy X)) (roptgpy  (125)
= (Uoea, VI (7)) (romgr) (126)
whence

HYD (o) dWE = (VIFe(y), Upea) AWE = (V1F:(7), dWs), (127)

and we deduce that
dFc(7) = dFe (U) = (VHFe(y), dWr) (128)
to complete the proof. O
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Theorem 3.3. (Evolution of the parallel gradient) If Fr : Py M — R is a martingale on

parabolic path space, and o > 0 is fixed, then VLUPT t PoryM — (T(o1)M, gT) satisfies the
stochastic differential equation

1
d(VIE) = (VIVIE, dw,) + Sg+ 2Re)-(VIE) dt + VIE,6,(7) dr, (129)

where ((§ + 2Re)<(v), W) (1, mgp) = (1 +2Reg,)|i=1—(Pr 10, Pr'w) and ¢ = 4g.

Proof. Due to a jump discontinuity at o = 7, we calculate

d(VyFr) = d(VyF: o + (VHJT - Vlﬂ) 6o(T) dt (130)
= d(VIE)ae + VRS, (1) dr. (131)

As F; is X-measurable, we have that V(UFT = 0 for ¢ > 7. It remains to show that the
identity holds for ¢ < 7. In particular, we’ll show that the absolutely continuous parts of
the measures agree.

By approximation (cf. [HN18a, Sec 2.4]), it suffices to prove the theorem in the case where
F: is a martingale induced by a k-point cylinder function as in the previous proof. Now,
as o is fixed, it is sufficient for us to consider the evolution equation for T € (7, T741),
using the parallel gradient from example 2.20,

VoE(7) = Y PoV foe(Xay, oo Xy Xe) + PV (X o, Xy, Xo), (132)

520

which can be lifted to the frame bundle and represented by Proposition 2.5 as

Ga(U) : = (Upea, VIIE (TTU)) (133)
= Y (Ugeq, VI fr (Xq, ..oy Xy Xo)) (134)
]>0’
+ (Ureq, VIV £ (Xey, oy Xy X))
— Y HY Fo(Uyy, oy U, Ur) + HY Y Fo (U, oy Uy, U, (135)
120

Applying Propositions 2.8 and 2.9 and the fact that (D, + Agﬂ)) fr = 0 from the previous
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proof, we have that

dG,(u) = Y HTVHMF (U, .., Uy, Uy) dWE

T >0

+H"VETVE (U, . Uy, Uy) dWE
+ Z <D‘L’ + A%_Fl)) Ha(k)fT(uTll sy uTg/ uT) dT

T >0
+ (DT + A(/+1)) Ha(€+1)fT(ule seey u’[‘g/ u‘l’) dT
— Y BH"YEY (U, . Uy, Uy) dWY

T >0

+ H(€+1) (£+1)f’[‘(u‘l’1/ u‘l’w u‘l’) dwb

(136)

(137)

+ ¥ (HE (De+ Al ™) + [De+ a5, HO) felUn, . Us, U de

T >0

+ (B (DT +85) + D+ a5V, BEY)) fe(Uy, o U, U dT

— Y B"YEY R (U, . Uy, Uy dWY

T >0

+ H;5£+1)H§£+1)f~r(uﬁr e uTw uT) de

1~ o +1) 7
+5(E+ 2RC) o (U ) HY TV (U, o, Uy, Uy d,
Finally, we project down onto M by Proposition 2.5 as follows,

H£€+1)H£€+1)f‘f(u'f1/ ey UT(/ uT)
= (Ureb)* (urea)*f'r(u'ry .y urw UT)
( v (D) (+1) fr(Xzy, oor Xay XT)> (Urep, Ure,)
< € X uTea (/+1)v(/+1)fT(XT11 Y XT@I XT)>
= (U

Oeb ® qua, PT ® P ) (v(/+1)v(p+1)fT(XT1/ Y4 XT[/ XT)) >/

and similarly,

HYVHB fo (U, ...y Uy, Uy)
— (Ure, ® Uge,, VVVO £(X o, Xy, X))

= <qub ® Upeg, (pT X Prk) (v(€+1)v(k)fT(XT1’ .y XTW XT)> >/

22

(138)

(139)
(140)
(141)
(142)

(143)
(144)
(145)



Z (Hé”l)Hék))(fT)dW? i (H££+1)Hy+1))(f7)dW$

= < Y (Pr® Py )VEVVE £ e, ® era> dW? (146)

T >0

+ ((Pr @ Pe) VDD £ Uge, © Ugea) AW?

— < E (P ® ka)v(€+1)v(k)fT, AW, @ U0€a> (147)

T >0

+{(Pr @ P) VDV £ dw, @ Uge,)

= < Y (Pr® Py )VEVVE £ 4 (P @ P ) VDV £ g, era> (148)

>0

= (VIVIE (), dW, @ Uges). (149)

Finally, we check that

(3 + 2R0) (U ) H V(U oy U, U d

= (¢ + 2R0) (1) (Urea, Urey) (VY (X, ., Xey, Xo), Urey) dT (150)
= (8 +2R0) (1, (Urea, (VD £ (X, oy Xy Xo), ufeb>ufeb) dt (151)
= (& +2Re) r(uy) (V(”” fe(Xe, o) Xey, Xo), urea) drt (152)
= (§+ 2R0) i (P VI Fr, Pr Uoe,) dT (153)
= (¢ + 2R<) (V1 Fr) dr, Upey) (154)
which completes the proof. O

Theorem 3.4. (Generalized Bochner Formula on PM) Let Fr : P, 1) M — R be a martingale.
If o > 0is fixed, then V(UPT : PloyM — (TxM, g7) satisfies

d(|VIE D) = (VIIVIE 2 dWy) + (¢ + 2Re)«(VIE, VIE) dr

+ 2| VIV IR 2 dr + 2| VI E 26, (1) dr, (155)
where (¢ + 2Rc)7 (v, w) = (g1 + 2Rcg,)|i=1—(P; 1o, Py lw) and ¢ = 4g.
Proof. Due to the jump discontinuity at ¢ = 7, we calculate
d|VIE 2 = 2(VIF, d(VIIE)) (156)
= 2(VIE, d(VIE )0 + (VLFT - v!_l—}) 50 () dt) (157)
— d(| VI |P)ac + 2| VI 26,(7) dr. (158)
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As F; is X-measurable, we have that VLUFT = 0 for ¢ > 7. It remains to show that the
identity holds for ¢ < 7. In particular, it remains to show that the absolutely continuous
parts of the measures agree.

In the absolutely continuous case by It6 calculus and Theorem 3.3, we calculate the quadratic
variation d[VLUFT, VLUFT] = 2|V!VLUFT > dt for o < T and then
d(|VHE ) = 2(VYF,, d(VIE)) +d[VIE., VIE] (159)
= (VH|VE 2, dWy) + (¢ + 2Re)(VAE,, VIE) dt (160)
+2|VIVIE 2 dr,
which concludes the proof. O

Corollary 3.5. (Bochner) The generalized Bochner formula on PM (Theorem 3.4) reduces to the
standard Bochner formula (Lemma 3.1) in the case of 1-point functions. That is, the evolution of
|VHr_r, 17— f|* for T < 14 is given by

1

5 (00 + Agr_,) [VHr o7 f]?

1
= |VZHT—T1,T—Tf|2 + E(g + 2RC)|f:T—T(vHT—T1,T—TfI VHT—Tl,T—Tf)' (161)

Proof. Fix o = 0 in the evolution equation from Theorem 3.4. Next, we shall compute the
evolution of |VQFT 2, where

Hr_+ T—Tf(7T17T)/ T<T
F; = I 162
" {f(nml), > 162

is the martingale induced by f (7117 ). Then, for T € [0, 71], we calculate
VFe|(v) = [VEF|(7) = [VHr o7 of | (m172) (163)
as well as
VYVRE(7) = [V2Hr o 1< f| (m172). (164)
By Theorem 3.4, we then deduce that
d(|VHr o7 f[?) = (V| VHr_q 7|2, dWe)
= 2|V?Hr g, 71— f|?dT + (¢ + 2R)|i=7—+ (VHr—r, 7—1f, VHT_z, -1 f) dT  (165)

Moreover, for process X = |VHr_r, 17— f|*(71177), by applying It6 calculus as in Propo-
sition 2.9, we have that

A(|VHT 1,7 f[*) = (VAIVHr_q 7|2, dWr)
= (0 + Agy ) [VHT 77— f[* dT. (166)
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Therefore, by comparing equations (165) and (166), we conclude that

1
E (aT + Angr) |VHT—T1,T—Tf|2
1
— |VZHT—71,T—Tf|2 + 5(8 + 2RC)|f:T—T(vHT—T1,T—TfI VHT—Tl,T—Tf)I (167)
which completes the proof. O
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4 Applications of the Bochner Formula on Parabolic Path
Space

We shall now proceed by applying the Bochner formula on path space to both characterize
the Ricci flow and develop gradient and Hessian estimates for martingales on parabolic
path space.

4.1 Proof of the Bochner Inequality on Parabolic Path Space

Proof of Theorem 1.2. Using the formalism developed in the last section, we shall prove the
equivalencies between the main estimates that characterize the Ricci flow.

(R1) = (C1) = (C2) = (C3): If (M, gt)te1 evolves by Ricci flow 9d;g; = —2Rcg,
and Fr : P, )M — R is a martingale on parabolic path space, then Theorem 1.1 gives

dVIE 2 = (VIVIE 2 aw,) + 2/ VIVIE 2dr + 2)VIE 26, () dT,  (168)
thus proving (C1).

Next, to show (C2), calculate

2
g (Vf'f'VﬂFf) ' < |g"RIVIVIE 2 = nVIVIE P, (169)

A E 2 = |
1]

and finally show (C3) by simply dropping the non-negative term %|A(UITFT % in (C2).

(Cl) = (C4) <= (C5): To prove (C4), first apply It6’s lemma to the left-hand
side of the full Bochner inequality (C1) to get

2| VIE (VY VIR, dWy) + 2|V IVIE 2 dr + 2|V F, %6, (1) dr

— (VIR awy) + 2| VI IE 2 dr + 2|V )F, %6, (1) (170)
(C1) [ )

< d|VyFE| (171)
= 2| VUF] dI VY| +d || VIF], | VUE || (172)
— 2|V | d|VIE | + 2|V |V P ar (173)
< 2|VIE | d|VIE | + 2/ VIV E 2 dr. (174)

Rearranging this inequality and applying (C1), we derive (C4), namely

dIVIE| > (Vo | VIE |, dWy) + |VIE, 6, (1) dr. (175)

Finally, (C4) is satisfied if and only if F; is a submartingale (cf. Theorem 3.2) (C5) also
holds. The remaining equivalencies will be proved in tandem with the results in the
subsequent few theorems. O
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4.2 Proof of Gradient Estimates for Martingales

Proof of Theorem 1.3. (C5) = (G1) = (G2): The implication of (G1) follows from
the definition that if T — |V(UFT| is a submartingale for every ¢ > 0, then for T > T,
|V(|7|FT| <E [|V(|7|Ff| ‘ZT} . Finally, to prove (G2), apply (G1) and Cauchy-Schwarz to get

VIR < (E [|V17'Ff|}zf})2 <E||VIFL[E] B1Z] = B [|[VIEP[Z] . (76)

The converse implications shall be proven along with later results. O

4.3 Proof of Hessian Estimates for Martingales

Proof of Theorem 1.4. (C1) = (H1): To prove (H1), fix ¢ > 0 and then integrate (C1)
from 0 to T as well as take expectations

E (1) |:|VLUF|2i| —E 1) [|V17|Fa|2|]

D r [ T oliolr 2
> B [ /O (V.| VIE] ,dWﬁ} +2E, 1) [ /O VIvlE, dT] (177)

T
= 2E(, 1) [ /0 |VuV(|T|FT|2dT] . (178)

(H1) = (H2): To prove (H2), apply It6 isometry and then integrate (H1) from 0 to T
with respect to o as well as take expectations

2 T ollr p
E (1) [(F_]E(x,T) [F]) } =Eq 1) UO Vo Fy| d(f} (179)

(H1) T 2
< En ||| IVFPac] (180

Tt lloll
—2E 1) UO /O |VTVUFT|2deU}.

(R1) == (H3): To prove (H3), let G = F? and consider the evolution equation for
X = G Y V"G, |? — 2G:10og(G;), which satisfies

T
dX, = (VIX,, dWy) + 26, ( / vl log(GT)|2dU) dt (181)
0
T
+G; ! < /0 (¢ + 2Re)< (VI E, VIE,) da) dt

T
> (VX dwy) + 26, ( / |VTV(|7|10g(Gr)|2dU) dt (182)
0

by It6 calculus and Proposition 3.3 (cf. Proposition 4.23 of [HN18b]). Next, integrate the
inequality (182) from 0 to T with respect to T and take expectations to get

T
E (1) [X7] — E (1) [Xo] = 2 (1) {GT (/0 |Vuvt‘7‘ log(GT”sz) dT} ’ (183)
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and evaluating the two expectations in the difference, namely

E(x,1)[Xo] = E(x,1)[Gy |V Gol* = 2Golog(Go)] (184)
=0—2Gglog(Gy) (185)
= 20, 1)[F?] 1o (E(y 1) [F?]) (186)
and
B, n)[Xr] = E(yr) |G VG - 2G10g(G) | (187)
= B(yr) [F V2] — 2B, p) | Flog(F?)| (188)
= 4E (1) |[VF]2] — 2B (1) |FPlog(F?)| . (189)

Finally we observe that

T
E (1) [|VHF|2] =Eq 1) UO |V17|F|2d0} , (190)

and then combine this and the aforementioned results to prove the claim. O

4.4 Proof of the Characterizations of Solutions of the Ricci Flow

The following result reproves a theorem by Haslhofer and Naber (cf. Theorem 1.22 of
[HN18a]), characterizing solutions of the Ricci flow, using the Bochner formulas on path
space that were developed in the previous section. Before the statement of the theorem,
we first recall that the Ornstein-Uhlenbeck operator is defined as

T *
Lo F = / “vI'VIIF do. (191)
5
Proof of Theorem 1.5. (G1) = (R2): To prove (R2), we evaluate (G1) atoc =7 =0,

VB [F)] = 1940 < B, [IVHEIIS] = B [IV0E]. a92)

(G2) = (R3): To prove (R3), we evaluate (G2) at 0, T = 0 (and observe that d[F, F]; =
2|VuFT | dt by Theorem 3.2),

d|F,F|;
IE'(x,T) { [dT] } = 2]E(x,T) [|quT|2} (193)
(G2)
< 2E 1) [IE'(x,T) [|VuPlz\Zr” (194)
< 2By [|VAFP]. (195)
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(Gl) = (R4): To prove (R4), we set ¢ = T and take expectations

E 1) [|V(‘7‘Fa|] <Eqm []E(x,T) [|V(|7|F|\ZUH =E(m) [|V|o—|F|] : (196)

Then follow the proof of (H3) in Theorem 1.4 and evaluate the expectation E, r)[X~] for
j € {1,2}, namely

E1)[Xg] = E ) [G;WHGTJ»F} — 2B, 1) [Grj 108(Grj)} (197)

and taking differences, where E (1) (Xe, | 2] — E (1) (X4 | 27] > 0, as in the earlier
proof. It remains to check that

By |Gl VG0 2| T ] — B |65 VGl | 2

= 4B, 7) [[VF P2 | (198)
— 4E 1, /T f |VJ,'PT2|2da} (199)
<A4E 1) /;2 |V(|7|F|2 dcr] (t — |V(UFT|2 is a submartingale) (200)
= 4B, 1) :<P,£(T1,TZ)F>] : (201)

(G2) = (R5): To prove (R5), we set ¢ = T and take expectations
E [|v”P |2] <E []E [|v”P|2\z H = E [|v”P|2] (202)
(1) [IVeolel | = B(xT) [BET) [IVe o (T) [Vl |-

Then follow the proof of (H2) in Theorem 1.4 and apply It isometry

r T
]E(x,T) [(FTZ - FT1)2 | ZTl] - ]E(x,T) /O |v(|T|FT2 |2 do Zfl} (203)
[ ol p
— B | [ VIR da} (204)
T
< Ep _<F,£(Tlsz)F>] . (205)
The converse implications shall be proven in the next section. O

4.5 Converse Implications
We shall now prove the converse implications below.

Proof. (C3) = (R1): Firstfix (x,T) € M and v € (TyM, gr) a unit vector and choose a
smooth compactly supported f; : M — R such that

filx) =0, Vfi(x)=0v, V2i(x)=0 (206)

29



using exponential coordinates. Consider the one-point cylinder function given by F(y) =
fi(mem(r(€))), F : Py M — R and observe for T < ¢ that

VAF: = P.VHr o rfi(mn(7(1))),  [VAVYE] = [V2Hr_o1fil(mn(7(1)).  (207)
In particular, V!FT =v+o0(¢) and |VQVA|FT| = 0(¢). Then, by Theorem 3.4,
T VR —/0 (2AVIVIE P + (¢ +2R)(VIE, VIE,) ) dp (208)
is a martingale. So, in particular,
VIRP=E [|vgla|2] — e(¢ + 2Rc)e(0,0) + 0(e). (209)

Moreover, since T — |VQFT |2 is a submartingale by (C3), it follows that
(¢ +2Rc)e(v,v) > e to(e). (210)

Next choose a smooth compactly supported f, : M x M — R such that
folx,x) =0, VOfh(x,x) =20, VOfh(x,x)=—-v, V*f(x,x)=0, (211)

for example f>(y,z) = 2f1(y) — f1(z). Consider the two-point cylinder function given by
F(7) = fa(mtm(7(0)), mm(v(€))), F : Py 1) M — R and observe for T < ¢ that

VoFr = VO £ (x, m(7(7))) + PVH g fa(x, ma(7(7))) (212)
ViE = P.VHY | L fo(x, m(1(7))) (213)
VIVE] < [V2h|(x mu(r (1) + [V2HE ool (x mu(r(7)). (214)

In particular, VQFT =v+o(e), Vul-} = —v+o(¢) and |V!VB|FT| = 0(¢). Then, again by
Theorem 3.4,

VYR = B [[VhEP] + (g +2R)e(v,0) + ofe). (215)

Moreover, since T — |VQPT ?is a submartingale by (C3), it follows that

(¢ 4+ 2Rc)e(v,v) < T lo(e). (216)
We can then deduce that (R1) is satisfied by taking ¢ — 0" in equations (210) and (216).

To check the remaining converse implications, one can substitute 1-point and 2-point
cylinder functions as above. However, there are some alternative tools that can close
the loop of equivalencies more readily. For example, applying the log-Sobolev equality to
F2 = 1+ ¢G in (R4) gives the Poincaré inequality in (R5). Moreover, dividing by T — T,
taking T — © — 0" and using the quadratic variation d[F, F]; = 2|V!FT|2 dt (by Theo-
rem 3.2), (R3) can be derived from (R5). In short, some implications can be done directly
without the need to appeal to test functions each time. O
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