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INTERACTION BETWEEN LONG INTERNAL WAVES AND FREE SURFACE
WAVES IN DEEP WATER

ADILBEK KAIRZHAN, CHRISTOPHER KENNEDY AND CATHERINE SULEM

ABSTRACT. We consider a density-stratified fluid composed of two immiscible layers separated by a
sharp interface. We study the regime of long internal waves interacting with modulated surface wave
packets and describe their resonant interaction by a system of equations where the internal wave
solves a high-order Benjamin-Ono (BO) equation coupled to a linear Schrodinger equation for the
envelope of the free surface. The perturbation methods are based on the Hamiltonian formulation for
the original system of irrotational Euler’s equations as described in Benjamin-Bridges [6] and Craig-
Guyenne-Kalisch [12]. We also establish a local wellposedness result for a reduced BO-Schrodinger
system using an approach developed by Linares-Ponce-Pilod [40].

1. INTRODUCTION

Oceans are stratified into layers of differing densities due to temperature or salinity gradients, which
induce internal waves, or waves that propagate along the interface between the layers. Thermoclines, or
temperature gradients, commonly occur in tropical seas while pycnoclines, otherwise known as salinity
gradients, are typically found in fjords. Understanding the formation and propagation of internal waves
has been the object of intense studies due to their importance in oceanography and geophysical fluid
dynamics. Internal waves can affect measurements of currents and undersea navigation as well as
offshore construction structures by imposing significant amount of stress. They also have an influence
on the mixing of different layers of water in the ocean.

Due to the technological progress over the past several decades, it has become possible to observe
and accurately measure internal waves in the oceans. One of the early measurements have been
taken by Perry and Schimke [47] in the Andaman Sea, where internal waves of 80 meters high with
wavelengths of 2000 meters and a thermocline situated at roughly 500 meters deep in the 1500 meters
deep sea were found. Surprisingly, as it was observed in [47] and later by Osborne and Burch [44], the
presence of internal waves results in the presence of short, choppy, small-amplitude waves or “rips”
followed by calmness of the sea after its passage, the phenomena known as the “mill pond” effect.
The phenomena was already known a long time ago, without any scientific explanations, to Vikings
as "dead water”, where ships get trapped in the calm water and moved back and forth by underwater
forces [19]. We refer to the work of Helfrich and Melville [26] for a more detailed overview of internal
waves.

The existence of solitary waves in internal layers of a stratified fluid was investigated in an early
paper of Peters and Stoker [48]. In this article, they considered a two-layer system of finite depth
with a free surface and a free interface, and derived a criterion for the sign of a soliton-like wave at
the interface. In [4], Benjamin studied an analogous problem with a rigid lid boundary condition on
the upper surface using the KdV model. The work was later extended by Benjamin [5] and Ono [43]
to deep water case, who showed that the evolution of long internal waves follows the now well-known,
Benjamin-Ono equation. Similar result in the framework of KdV equation was obtained by Benney [§]
in shallow water for both the free surface and rigid lid cases. Later in 1970s, Joseph [29] and Kubota,
Ko and Dobbs [38] derived the Intermediate Long Wave equation to describe the propagation of long
internal waves in case of a finite depth. Higher-order corrections to the above models were obtained
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by Craig, Guyenne and Kalisch in [12] using the framework of Hamiltonian perturbation theory. Their
results recovered, in particular, an extended KdV equation found in Kawahara [30].

The modeling theory for internal waves continued to develop assuming the presence of more physical
variables. For example, the effect of a depth-dependent horizontal shear flow on internal waves was
studied by Grimshaw [23] in shallow and deep water cases. As a result, the KdV and Benjamin-
Ono equations were derived with non-constant coefficients depending on a variable identified with
a coordinate of a ray along which the wave propagates. Choi in [I0] analyzed the interaction of a
linear shear current with large amplitude internal waves. Under the Boussinesq regime of a small
density jump between the layers, it was found that the direction of a shear current significantly affects
the properties of a soliton-like wave. Khusnutdinova and Zhang in [35] considered, additionally, the
effect of non-trivial geometry of waterfronts on the evolution of the surface and internal waves in
three-dimensional fluid of finite depth. Assuming the shape of the waves is curvilinear, they derived a
cylindrical KdV-type equation for the amplitude of the waves, and developed a theory describing the
distortion of the curvilinear waves by the shear flow.

A characteristic change in the reflectance of the water surface and the observed in [47] ”ripple
effect” have provided empirical evidence of coupling between the surface and internal waves. The
strength of the interaction depends on the relation between the following properties of the waves:
(A) their length scales and (B) their group and phase velocities. The studies of (A) in the literature
are mostly subdivided into two possibilities. The first is when the length scales of the surface and
internal waves are comparable, e.g. Gear and Grimshaw [22] and Parat and Dias [45]. In [22] the
authors also considered the relation between the phase velocities of the wavefronts and observed the
strong interaction in the case where the phase velocities are almost equal, which leads to a coupled
KdV-KdV system. In the case where the phase velocities differ by a quantity O(1), they observed the
weak interaction leading to an uncoupled KdV-KdV system. The second possibility in studies of (A)
is when the internal and surface waves have different length scales, which are usually described by a
long internal wave interacting with modulated quasi-monochromatic surface waves. In the case of the
finite depth, this leads to the coupled system composed of the KdV equation, describing the evolution
of the internal wave, and a Schrédinger equation for the evolution of the surface wave, e.g. Kawahara,
Sugimoto and Kakutani [31], Hashizume [24] and Funakoshi and Oikawa [2I]. All of these works
studied the effect of the resonant interaction of the waves, when the group velocity of the short wave
coincides with the phase velocity of the long wave, on the coupling of the system and the form of its
solutions. In [2T] Funakoshi and Oikawa also derived the Benjamin-Ono — Schrédinger system for the
case of a deep fluid. Further analytical study of the resonant interaction of internal and surface waves
in finite depth, including detailed mathematical description of the “ripple” and “mill pond” effects,
was provided in Craig, Guyenne and Sulem [I5] who showed that the surface signature is generated
by a process analogous to radiative absorption.

The main goal of this paper is to continue the study of the interaction between long internal waves
and quasi-monochromatic free surface waves of a density-stratified two-layer fluid in deep water.
Using the perturbation Hamiltonian theory, we derive a coupled system describing the evolution of
the waves and explicitly provide the non-linear coupling coefficients, which are dependent on the
physical parameters of the system. In our derivation, as a part of the reduction process, we naturally
come up with the resonant condition when the group velocity of the surface wave coincides with the
phase velocity of the longer-scale internal wave. Our results extends the previously obtained system
of Funakoshi and Oikawa [21] by including the contribution of higher-order terms. The latter is made
possible by assuming that the amplitude €1 of the surface waves is smaller than the amplitude & of
the internal waves and satisfies the relation e3/2 < e1 < €.

The two-dimensional fluid domain consists of two immiscible fluids separated by a free interface,
which idealizes a sharp thermocline or pycnocline. We follow the approach known since Zakharov [52],
in which the water wave equations are expressed as a Hamiltonian system. The Hamiltonian formu-
lation, for which the Hamiltonian identifies with the total energy is written in terms of canonically
conjugate variables (n,71,&,&1) that corresponding to the elevations and traces of quantities related
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to the velocity potentials of the interface and surface, respectively. Following the works of Benjamin-
Bridges [6], Craig and Sulem [I6] and Craig, Guyenne and Kalisch [12], we rewrite the Hamiltonian
in terms of the Dirichlet-Neumann operators for the free interface G(n) and surface G1(n,n1), which
according to Coifman and Meyer [11] are analytic near n = £ = 71 = & = 0. This allows to expand the
Hamiltonian functional H accordingly. The quadratic part of H, denoted H(?) is derived in Section 3,
while the cubic part H®) is derived in Section 4. In Section 5, we introduce the scaling regime, which
corresponds to a long internal wave and a near-monochromatic surface wave. Under this regime, we
obtain the leading terms of H® and H®). From the reduced Hamiltonian, we derive in Section 6
a higher-order Benjamin-Ono (BO) equation coupled to a linear Schrédinger equation describing the
time evolution of the internal wave and surface wave envelope, respectively. In the last two sections,
we establish a local well-posedness result for a reduced coupled BO-Schrodinger system. The main
difficulties are the second-order derivatives in the nonlinear terms of the BO equation, which is taken
care of by using a gauge transformation following the approach of Linares, Pilod and Ponce [40], and
the presence of coupling terms.

2. FORMULATION OF THE PROBLEM

2.1. Euler equations. We consider a two-dimensional fluid domain composed of two immiscible
fluids separated by a free interface {y = n(z,t)} into lower and upper regions given by

Sm) ={(z,y): z€R, —o0o <y <n(z,t)},
with the fluid density p, and

81(775771) = {(I5y) IS Rv U(Iat) <y< hl +771(I5t)}7

with the fluid density p1, respectively. We assume the system is in stable configuration (p > p1). In
such setting, the fluid motion is assumed to be a potential flow with velocities u(z,y,t) = Voé(z,y,t)
in S(t;n) and uy(z,y,t) = Véi(x,y,t) in S(¢;n,1m1) in each fluid region. The two velocity potentials
satisty

A¢p =0, in S(t;n)

Apy =0, in Si(t;n,m).

At the deep bottom, we assume the boundary condition ¢(z,y) — 0 as y — —o0o.

At the interface between the two fluid domains, we impose two kinematic boundary conditions and
the Bernoulli condition of balance of forces. Denoting 7 the exterior unit normal pointing out of the
free interface, the two equations addressing the kinematic conditions on the interface are

O = By — (91)(0:6) = Vo - D\/T + (0,12 (2.2)

(2.1)

and
O = Dy1 — (0um)(Datn) = =V - (=T + 102 (2.3)

The balance of forces implies

p (ZMS + %IV@SI2 + gn) =p1 <8t¢1 + %IW&I2 + gn) : (2.4)

where g is the acceleration due to gravity.
On the upper free surface {y = n1(z) + h1}, the velocity potential, ¢; and the surface elevation
function, 7, satisfy the kinematic condition

Oym = Oyo1 — (0 )(Opd1) = V1 - 111/ 1 + (921)?, (2.5)

where 77 is the unit exterior normal to the upper the free interface, and the Bernoulli condition

1
Orp1 + §|V¢>1|2 +gm =0. (2.6)
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2.2. Hamiltonian formulation. We introduce the canonical variables which allow to rewrite the
equations of motion of the free interface and the free surface as the Hamiltonian system, following
Benjamin and Bridges [6] and Craig, Guyenne and Kalisch [I2]. These involve the free boundaries
n and 71, and their canonically conjugated variables expressed in terms of the traces of the velocity
potentials on the boundaries

g(xv t) = p¢(.’[], 77(557 t)u t) - p1¢1 ((E, 77(157 t)7 t)u
51(337 t) = p1¢1($7 h’l + nl(xv t)) t)
Equations (ZI))-(2.6]) take the following canonical form in terms of the variables (n,&, 1, &1),

n 0 1 0 O onH
&l -1 0 0 O 0cH
Tl =lo o o 1||s,m] (27)
&1 0 0 -1 0 0e, H
where the Hamiltonian H is the sum of the kinetic energy K and the potential energy V,
H=K+V. (2.8)
Here, the kinetic energy is the weighted sum of the gradients of the two potentials of the velocity flows
1 n(x) ) 1 hi+m1(x) )
K=5 [ [ ovswpPaydzss [ [ nVormy) dyd 29)
R J—o0 R Jn(z)
while the potential energy is given by
1 1
V= B / 9(p = pr)n*(x) dz + 3 / 9p1 ((hl +m)?(x) — h%) dx. (2.10)
R R

The flow of the Hamiltonian system (2.7)) preserves the momentum, I, given by

n hi+mn1
I= / p / Dedy + pr / Der dy | de. (2.11)
R —o0 n

Indeed, one can verify that I Poisson commutes with H.

2.3. Dirichlet-Neumann operators. We further rewrite the Dirichlet integrals of the kinetic energy
[29) using the Dirichlet-Neumann operators (DNOs) for the two-fluid domains. The DNO for the
lower fluid domain is defined as

G(nd(x,n(z,1),t) = (Vo) - 2)(w,n(x))y/1+ |02, (2.12)

where 7 is the exterior unit normal used in ([22]). For the upper fluid, the DNO is in matrix form due
to the contribution from the traces of the velocity potential ¢; on the boundaries n and 7;, and is
defined as

<G11(777771) G12(77a 771)) < ¢1(Ia 77(:17’ t)) > _ ( Y 14 |8x77|2(v¢1 ' ﬁ)|y:77 ) (2 13)
G'21 (777771) G22(777 771) (bl (,T, h1 + Uit (‘Tv t)) vV 1+ |am771|2(v¢1 : ﬁ1)|h1+771 ' '

The Hamiltonian for the free interface and free surface problem in (Z8) becomes

1 GllB_lG _GB_1G12 ) (5)
H == _ d
2 /R (€ &) (—GlelG p~1Ga — ppi ' Ga1 BTG ) \ & o
1

1
+3 / 9(p = pr)n* de + 5 / gp1 ((h1 +m1)* — 1?) dw,
R R

(2.14)

where

B(n,m) = pG11(n,m) + prG(n). (2.15)

We recall the expressions for the Taylor expansions of DNO operators in (ZI2)-(2I3) in powers
of the elevations n and 7;. From Craig and Sulem [16], Craig, Guyenne and Kalisch [12] and Craig,
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Guyenne and Sulem [I4], it is known that one can write G(n) and G;;(n,n1) for the lower and upper
fluid domains S(n) and Si(n;n1), respectively, as

G(n) = GOn) + GW(n) + O(n?),
G ) (1,0) (0,1) o . (2.16)
i (1) = G (n,m) + G (nm) + Gy () + O, m)l7), 4,5 € {0,13,

where the G(™ (n) are homogeneous of degree m in 7, and the Gl(;no’ml)

mo in 7 and mq in 1;. The series in (2.I6) are known to converge for sufficiently small n and n; [20],
and their homogeneous terms can be found explicitly according to recursive relations given in [16] and
[14]. Denoting D = —id,,, we have

¢O@) = || o)
GW(n) = DnD — |D|n|D,

are homogeneous of degrees

where |D| is a pseudo-differential operator acting as a Fourier multiplier |k|. Alternatively, |D| can
be expressed using the Hilbert transform H defined by

L [ h(y)
Hh(z) :=pv.— | —==dy. (2.18)

It is known that H = —i sgn(D,) and the relation |D| = 9, holds.
For G;; we have

G GO\ [ Dcoth(hyD) —Desch(hy D) (2.19)
~ \—Dcsch(h1D) Dcoth(h1D) )’ '

(Géll()) G§120)> _ (Dcoth(th)nD coth(h; D) — DnD  —D coth(hyD)nD csch(hy D)
2

2.20
G 110) G§120) —D csch(hy1 D)nD coth(hy D) D csch(hy D)n csch(hy D) > » (220)

Gg(il) Gggl) (=D csch(h1D)m D csch(hiD) D csch(hy1D)m D coth(hy D)
Ggil) Gégl) ~ \ Dcoth(hy D)y D csch(hy D)  —D coth(hyD)m D coth(hyD) + DmD )"

(2.21)
From the explicit formulas above, we also find the expansion of the operator B defined in (2.I3]) and

appearing in (2.14):
B= (pGg(i) + PIG(O)) - (pGgllo) + oG + plG(”) +O(|(n,m)I)

(2.22)
=: By + BW + O(|(n,m)[?).

3. LINEAR ANALYSIS

We derive the linearized equations for the Hamiltonian system (Z7). To do so, we extract the
quadratic part, H®), of the Hamiltonian H in (ZI4)). We also introduce a canonical transformation
which allows to diagonalize H(%).

3.1. Quadratic Hamiltonian. To extract H® from H in canonical variables, we use the leading
terms in the Taylor expansions of the operators given in (2.10) and (2:22)). We obtain
7@ :1/ [ |D| coth(hyD) Y | D|csch(hy D) )
2 Jr | pcoth(h1D) + p1sgn(D) pcoth(hi1D) + pisgn(D)
|D|coth(h1D) + Z2D
! pcoth(h1D) + p1sgn(D

)51 +g9(p — p1)n* dz + gp1ni | dx.
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Then, from (27), the linearized equations of motion can be written as follows:

0 | D] coth(hi D) 0 _ |D|csch(hy D)
n pcoth(h1D)+pisgn(D) pcoth(hi1D)+py1sgn(D) n
al €= —g(p—p1) 0 0 0 13
g | 0 . |D|csch(hy D) | D| coth(hy D)+ -2 D m
5 pcoth(h1D)+p1sgn(D) pcoth(hi1D)+p1sgn(D) 5
1 0 0 —gp 0 1

The dispersion relation for this system is

1 + coth(hqk])
pcoth(hy|k|) + p1

1
pcoth(hi|k]) +p1

w? + g*(p — pr)k°

w” — gplk|

with roots

2y 9(p = p1)lK| W2 (k) =

where w?(k) is associated with the interface, while w?(D) with the surface wave. Note that w?(k) is
the limiting value, as h — oo, of

1 1 + tanh(hk) coth(hyk)

2(k) = = gpk
w (k) 2P pcoth(hik) + p1 tanh(hk)
1 kp2(1 — tanh(hk) coth(hi1k))? + 4pp1 tanh(hk)(coth(h1k) — tanh(hk)) + 4p3 tanh(hk)?
29 pcoth(hik) + py tanh(hk) ’

(3.4)
which corresponds to the dispersion relation in finite depth.

3.2. Normal mode decomposition. As in [15], the surface and interface waves are coupled at first
order in the Hamiltonian. To decouple the waves, we perform a normal mode decomposition using
the canonical transformation

a”\/g9(p— p1) 0 b"vgpr O

K 0 _a 0 b= Y
C — g(p—p1) vV IP1 5 (3 5)
p at\/g9(p—p1) 0 brygpr 0 m’ '
G o bt &
0 g(p—p1) 0 VI
where a®, b* are the Fourier multipliers

o (D) = (2 + § + g\/4+92)‘1/2, bE(D) = a*(D) 6+ 4+ 62),

2
— QC(D) - Qa(D)
Qu(D)

and the coefficients appearing in (3.6) are

0(D)

Qa = 9(p — p1)G OBy G
Qv = —9v/pi(p — p1)GOB;'GY (3.6)
Q. = gGOB; (G + pG©).

After this transformation, the quadratic part of the Hamiltonian (B]) simplifies to

H® = 3 [ [ D)C + 1+ (D) + 4] da (3.7)
R
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2 2 ; ; ; Qa(D)  Qs(D)
where w?(D) and wi(D) are the eigenvalues of the symmetric matrix <Qb(D) Qu(D) and have

Fourier representations given by the dispersion relations (3.3).

1 0 1 0 0\ /6.H
¢l _[-1 0 0o of]|éH

O m |10 0o o 1||d.H (38)
G 0 0 -1 0) \6c,H

4. CUBIC TERMS IN THE HAMILTONIAN

We now turn to the cubic terms H®) in H. The potential energy V in (ZI0) is quadratic and
does not contribute any higher-order terms. Thus, H®) reduces to the cubic part K () of the kinetic
energy K, which identifies with the first line of (ZI4)). We calculate K in the original variables

(77557771751)'

4.1. Cubic terms of the kinetic energy in the original variables. We rewrite the kinetic energy
as K =1 —II + III, where

I=1[ €GB \GEda
Il = [, EGB~1Gé da (4.1)
I =1 [ & (p1'Ga2 — ppT ' G21 B~ G12) & da,
and expand the operators appearing in I, 11, 11T at first order in n or n; using (2.16)), (Z20), (Z2I) and
([222) as well as identities G11 = Gg% , G12 = G(l and (Ggg))Q - (Ggg))2 = (G2,

Proposition 4.1. The cubic order terms 1(3),11(3),111(3) in LILIIT of (@) respectively, are given
by:

1 _ _
1® = / [ = (DB'GR€)? = (0 = pi)n (G B G1Pe)*

(4.2)
+ p1n (DBEIG(O)QQ —pP1m (G<°)BalG§3)§)2} dx

= [ [ = (DB GROD BT Y6 ~ (0= a6 B 610G B Gl ) "
— (DB GO (DB G&1) — m (G By GV¢) (GO BT (m G + pc e ) | da

1 _ _
m® = ) / { - (P - Pl)ﬁ(G(O)Bo ngg)fl)Q + ﬁ(ﬂ - Pl)ﬁ(DBo ngg)fl)Q
R

1 1
o (G(O LG + PG(O))&) - Eﬁl(Dfl)Q} dx
Regrouping the contributions obtained in the above proposition, we obtain:

Proposition 4.2. The cubic terms H®) of the Hamiltonian H can be written as

1
H(3):§/R[—(p—p1) (¢0B; @0~ 6Wen)

2
o <G§%’BalG<O>§—p—G<O (oG +pG<0>>§1)

2
_ _ _ 1
o (DB G~ G%en) + o (DBO 160+ DB, 1G§%>51) - Hm(D&)Z’] da
(4.5)

The proofs of Propositions A.IH4.2] are a little lengthy but straightforward. The main steps are
given in Appendix [Al
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4.2. Cubic terms of the kinetic energy in normal modes coordinates. We now write the cubic
terms of the Hamiltonian in normal modes coordinates ([B.5]).

Proposition 4.3. The cubic part of the Hamiltonian [LX) in the normal-mode coordinates [BH) is
given by
H® —__ PP
2y/9(p—p1) Jr

P1 — 2
+2M/R<a+u—a 1) (Ao — Bacy)? de

(b =) (ArC = BiGr)? da

(AsC — B3(1)? da

S — T
2v/g(p — p1) /R( pobm (4.6)
' wﬁ /RM — b7 ) (A = Bar)? da

1 / i _ 2
+—— [ (@ n—a ) (As¢ — BsCr)” du,
2p1/9p1 ]R( ) )
=:Ri+ Rs+ Rs+ R4+ Rs5.
where R; stands for the integral expression in the row j of ({0 and
1 1

Ai(D) i= ———=0"Qu —a"Qv), Bi(D):= ——=—=(b"Qa —a~ Qy),
g(p — p1) g(p —p1)

L vy o+ Y -
\/ﬁ(a Qc—b"Qp), Ba(D): M(a Qe — b~ Q)

A3(D) :=sgn(D) Ay (D),  Bs(D) :=sgn(D)Bi(D),

AQ(D) =

p sgn(D) (4.7)
As(D) = b"\/g(p— p1)DBy 'GO) + == Q,,
p1v/9(p— p1)
By(D) :=b"+/g(p — p1)DB; ' G + LH(D)LFQb7
p1v/9(p — p1)

As(D) = —\/gp1Da™, Bs(D) = —/gp1Da" .

The proof consists of rewriting each term of (L) in terms of new variables (B.H), using the inverse
relations

= Ot [ = o= p) (¢ = bG) (48)
m :—\/;?(cﬁu—a’,ul &1 :—\/ﬁ(aJrC_aigl)

and grouping the terms.

5. BENJAMIN-ONO SCALING AND MODULATIONAL ANSATZ

We now introduce the scaling regime under consideration. We assume the typical wavelength A
of the internal wave is large when it is compared to the typical depth of the upper layer hi, and its
amplitude a of a typical wave is small when compared to h;, with the relation

ey
8_)\_]7,1 )

The following scalings are thus introduced

X=er, p(X)=ei(X), ((x) = (X). (5.1)
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On the other hand, the surface modes are in the form of near-monochromatic waves with carrier
wavenumber kg > 0 and amplitude a; satisfying €1 = kgpa; < 1. We thus define
€ 3 —ikox
() = =z (D) (a(X, )eom + (X, t)ehor)
V2 5.2

Cl (J;,t) = %WII/Q(DQC)((](X, t)eikoz _ q(X, t)efikom),

where the weights wi/ 2(D) have been introduced to diagonalize the corresponding quadratic part of
the Hamiltonian.

In addition, we assume the relation e; = ¢'*° with § € (O, %) between the small parameters e
and e to emphasize that the internal wave amplitude is larger than that of the surface wave. The
restriction & < % relates to the ordering of different small terms in the expansion, see Remark [6.2

To incorporate the Benjamin-Ono scaling and the modulational Ansatz into the Hamiltonian, we
need two key elements of asymptotic analysis. Lemma [5.1] addresses the multi-scale character of the
problem of fast oscillations versus long-wave scaling, by describing the action of a Fourier multiplier
on a multiple-scale function [I7]. On the other hand, Lemma is a scale-separation lemma (in a
simplified form of Lemma 3.2 of [I3]) that expresses that fast oscillations essentially homogenize and
do not contribute to the Hamiltonian. In our case, g(x) = ¢*“® is continuous and periodic with respect
to the translation lattice %’TZ.

Lemma 5.1. Let m(D,) be a Fourier multiplier, then for sufficiently smooth f and sufficiently small
€ we have the following asymptotic expansion

m(D,) (eik"mf(X)) = eo%m (kg +eDx)f(X)

ikox e 2 2 (53)
= e m(ko) + Eakm(ko)Dxf(X) + 7akm(ko)DXf(X) + ...,
where D, = eDx. Letting ko = 0, the expansion becomes
m(Dg) f(X) =m(eDx) f(X)
(5.4)

= <m(0) +edxm(0)Dx f(X) + %8§m(O)D§(f(X) + ) :

Lemma 5.2. Let f be a real-valued function of Schwartz class, « € R be a nonzero constant and €
be sufficiently small. Then, for all natural N,

/Rei‘”f(X)d:C =0EN). (5.5)

5.1. The quadratic Hamiltonian under the scaling regime. Inserting the above scalings into
the quadratic Hamiltonian 371), we get

1 ~ >,
H® = 5/ (a—lg w(eDx)C +epi? + e 13 wl(k0+5Dx)q) dX, (5.6)
R

where D, = eDyx. The expansion for wy (kg +eDx) follows (53] since wy in ([B3)) is smooth around k.
In contrast, w? is not sufficiently smooth near k = 0, so its expansion is obtained from the expansion
of (34) in the deep water limit h — oo:

w?(eDx) = 2QyD% + 301 D% |Dx| + QD% + O(°), (5.7)
with

P 3

QO ) )

B o 2 _ 3 2
_ ghl(pp p1) 0 = W 0 M (& 1> ) (5.8)
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The quadratic Hamiltonian in (5.6]) becomes

Q ~ Q= =
H(Q)—/R[—870(DXO2+5271<(D§<|DX|<)

Qo ~ ~ 2
+€372C(D§<O+5#2+ —wi(ko)lq|? (5.9)

//(k )
2

The transformations (G.I)-(5.2) retain the standard symplectic form of (B.8]), and the corresponding
equation of motion in new variables can be written as

+ 2w (ko)@(Dxq) + ee32"2G(D%q) | dX + O(?).

i 0 1 0 0 oxH
cl _[-1 0 o 0 o:H

O g |0 0 0 —ieer?| | 6,H (5.10)
7 0 0 idesi? 0 5qH

5.2. The cubic Hamiltonian under the scaling regime. For the cubic Hamiltonian (6] we
show that, after the transformations (5I)—(2.2]), some of its terms become of higher order and do not
contribute at the order of our approximation.

Expanding the brackets inside the integral of Ry in (6], the terms involving (b pu)(A1¢)(B1¢1),
(b= p1)(A1¢)? and (b~ p1)(B1¢1)? can be estimated by the scale separation lemma as follows

_ 2 - €1 ,_ 1/2 ikox 2
[ mangras= [ <7§<b W) (D) (g(X)e™ +c-c->) (Au(D2)0)? da
£1

v ¢hor ((b— Y2y (ko + EDX)q(X)> (A1(eDx)C)? dz + c.c.
Inside the integral we have a product of a fast oscillating function e’*o* with a slowly modulated
smooth function of X. Applying the scale separation Lemma to this integral, the integral is of
order O(€1<€N ) for sufficiently large N. The other two terms in R; as well as similar terms in Ra, ..., Rs
are treated in the same fashion, the details of which are in [34]. The remaining terms in the cubic
Hamiltonian are

(5.11)

O = PP (1) (A1) + (0T ) (B1G)? +2(b7 1) (A1) (BiGr)] da
2v/9(p —p1)
+ 2\7_ [(a® 1) (A2€)? + (a* 1) (BaG1)? + 2(a™ 1) (A2€) (B2(1)] d

(0% 1) (AsQ)? + (0% 1) (BsG)? + 2(07 ) (AsQ) (B3 ()] da (5.12)

3 bl
i

a* p)(AsC)? + (a7 1) (B51)? + 2(a” 1) (As5C) (BsG1)] d + O(ere™).

1) (AsQ)? + (b1 1) (BaCr)? + 2(b™ 1) (A4) (Balr)] da

2p1\/ﬁ/

Proposition 5.3. The cubic part of the Hamiltonian H®) can be written as
H® :/R {EQHﬁ(DXZ)Q + et (ki + r20x Qlal* + e*rafi(|Dx |Dx (D ()
+ ee2(kafi + r50xC) (¢Dxq+qDxq) (5.13)
+ e (re| Dx [i + k7| Dx[0x C) al” + e%rs(| Dx|E) (Dx ()? | dX + O(e*),

where the coefficients k and k; only depend on physical parameters g, hi, p and p1. Their expressions
are given in Appendiz [Bl.
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Proof. Substitution of (5I)-(5.2) into H®) leads to terms of different kind. For example, we sketch
the calculations for the terms appearing in line 4 of ([LG]).

For the first term [(b*p)(A4Q)dz, we write

b"(Dg)p(x) = eb™ (eDx )i X).

+(e _ P1 P1
b"(eDx) \/7 \/7h1|Dx|+(’) ) (5.14)

= (b1)© +a(b+) WDy |+ O?).

Similar steps show that, since every term of A4 contains the element D,, its expansion is

with

Ay(eDx) =¢ 9o =p1) (1 — 5%h1|DX|) Dx + O(g%)

p1p (5.15)
= eA"Dx + 2 AV |Dx|Dx + O(?)
with Aflo) and Ail) representing constants. As a result,
2 5 2 2 5 2
(b 1) (A1) = ") (A) i (DxC)” + ) () (D7) (DxC)
(5.16)

+ 2246 O AP AV (DxC) (1DxIDxC) + O(E).

The coefficients of the first, second and third terms of (5.I6]) contribute to x, ks and k3, respectively.
For the second term [ (b* p)(B4C1)?dz (BaC1)” we apply (B.3) to get

(Bi¢r)* = = (Bwr ") (ko)lal® = 5 (Bfwr )’ (ko) (¢Dxq +7Dxq) +

where B4 (k) is the Fourier symbol of B4(D,.), and we omit the terms with fast exponential functions
e*fo? since they disappear under the integral due to the scale-separation Lemma Then, we have

(b* 1) (BaGr)” = - 552(1)*)(0) (Biwr M)(ko) filal* — 226" (Biw; 1) (ko) (| Dx|) laf?
2

where the coefficients of the first, second and third terms contribute into k1, k¢ and k4, respectively.
We similarly write the expansion for (b~ p1)(A4C)(Ba¢r), which contributes into ko, k5 and k7. O

(b+)(0) (Biw; M) (ko) (¢Dxq + @D xq) + O(e%<1),

6. DERIVATION OF THE COUPLED BENJAMIN-ONO — SCHRODINGER SYSTEM.

In this section we derive a Benjamin-Ono — Schrédinger system for the Hamiltonian system (G.10)
following the approach used in [14].

6.1. Resonance condition. The expansions (5.9) and (B.I3]) provide the expressions for the leading
terms of the Hamiltonian H in variables (, Z ). The Hamiltonian can be further simplified using a
moving frame of reference or, equivalently, combining it with the conserved momentum (2IT). In the
(¢,m) variables, the momentum becomes

I=- /R (COapt + COop11) da,

which after expansion under the Benjamin-Ono scaling and modulational Ansatz implies

t [(Dxq)g + ¢(Dxq)] dX + O(e2eM). (6.1)

2

o — &
I=- / ieC(DxE) - Lholgl? - &
R 1 2
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Combining the Hamiltonian with the momentum (G.1I), we have

H—cl=H® —cI+H® + HW +

B Qo [ 12 c? ~ ich 2
—4[57(9—0(“9—0)‘(1)“97))

- 0, - P (6.2)
+ (o) — cho)lal? + 2 LDXIDx ) + <> 2 DA
e, — Y el —r12 (3) 4 el
+ el ko) — ) (aDxa + Dxa) + Fref (o)i(Dka)| ax + O 4 0 (<4 2L ).
We choose

c=co=/Q = 9(1—%)h1, (6.3)

that eliminates g2 term in H. We then select the wavenumber ko of the carrier wave

p
ko= —7—"——— 6.4
C T i (p— 1) 64
such that the phase velocity of the internal wave is equal to the group velocity of the surface wave.
wll(ko) = Cp, (65)

This is referred to as a resonance condition between two waves. The flow of the Hamiltonian H — ¢yl
at our order of approximation conserves the generalized wave action

M = / lq|? dX.
R

Subtracting the multiple of M from (€8], we further reduce the Hamiltonian to
~ 52
H=H—cl - ?(wl(ko) — cko)M

Qo (o, dci\® | oo o m g~
=/ [—87 (DXC-i-Q—) +e 7<(DX|DX|C)+5 7<(DXC) (6.6)
R 0

55% " —=( 72 (3) 4 ELIL
+7w1 (ko)q(DXq) dX +H +0|¢€ +? .

It is usual for Boussinesq systems to introduce v := 8;(5 , which is related to the horizontal velocity.

Under (63)-(@4) and (&I3), the Hamiltonian (2] becomes

- Q) Q
(i = cov)” + €2~ Lv| Dl — 2= 20(0}v)

)

Il
—
N ™

2
EE _ ~ ~
+ fWQ’(ko)Q(D%D — kv + €} (k1 + ko) |q? 6.7)

— % kafi(|Dx|v)(v) + <] (kafi + rs5v) (¢Dxq +qDxq)
4
+ 2 (ra(IDx17) + kr(1Dx ) o — ma(Dxl?| ax + 0 (4 2)

and the equation of motion is

~

I 0 —0x 0 0 55[/{
vl |-9x 0 0 0 s, H

Oy gl 0 0 0 _i&_l_z 6qﬁ . (6.8)
7 0 0 iee;? 0 S, H
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6.2. Benjamin-Ono — Schrodinger system. We adopt the characteristic variables to analyze the
dynamics of the system in the preferred direction of propagation. Denoting the principally right-
moving component of the solution by r(X,t) and principally left-moving component by s(X,t), we

set
()-( %) 0 6

We focus on the propagation to the right by restricting our attention to r(X,¢) and assuming that
s(X,t) is of order O(¢?). Then, Hamiltonian (6.7) is

~ Q Qs ge?
H= /]R [52 4COT|Dx|T — 5357"8)( — lel (ko) 7 0%q
— &?Fr® + ekyr|q|? — 3Far?| Dx|r (6.10)

~ —_ _ o4
+eetrar (¢Dxq +7Dxq) + safn4(|DX|r)|q|2] dX + 0O <54 + ?1> 7

where the new coefficients k; are defined as

- ~ 0 ~ 1
K= y K1 = K1y & K2 y K2 = K3 + Kg),
2\/200 2 \/200 2\/260( ) (6 11)
~ Co + 1 ~ + 1 '
K3 = K4y — + Ks——, Ka=K
3 4 5 ok 4 6/ 5 TR a= T
The corresponding evolution equations are
r —9x 0 0 0 o H
s| 0 Ox 0 0 0sH
14171 0 o o —ieer? | | 6,H | (6.12)
7 0 0 dee? 0 5.H

Then, the equation of motion for r(X,t) satisfies the Benjamin-Ono (BO) equation expressed in a
moving reference frame, 0;r = —0xd,H. Over the time scale T = ¢t, the equation becomes
Q - Q
o,r = —5—16X(|DX|7°) + 6err(0xr) + 822—26§(T
Co

”%axum ) + 2R (0x (| Dx|r) + | Dx | (rdx 7)) (6.13)
— e?™%30x (¢Dxq +7Dxq) — > %40x|Dx| (lg]?) ,

where we used that ¢; = £'7? as in (5.2).
Similarly, we write the equation of motion for the variable ¢(X,t) over the time scale 7,

k
10;q = —¢ (2 0)8Xq + Rirq — iek3(0x (rq) +rdxq) + ekaq|Dx|r, (6.14)

which is of a Schrodinger type.

Remark 6.1. It may be more natural to choose the time scale 71 = €%t for the Benjamin-Ono
equation ([613)), so that the contribution of leading terms on the right-hand side of the equation is
of order O(1). However, we intentionally choose the same time scale 7 = et in (E13)-EI4) since
both equations contain coupling terms and the current form of the system is more suitable for further
analysis of its local well-posedness in the next section.

Remark 6.2. We comment on the restriction § € (0,%) used in the definition of €1 in (52). The
main reason for this choice is to ensure that terms of order ec2 will not be absorbed into the remainder

part O (54 + ?) in the Hamiltonian ©I0). Indeed, if § = 0 (which is e1 = ¢), then ge3 = % On
the other hand, if 6 > 1/2 then ec3 = O(e?).
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Remark 6.3. One can further consider the system (GI3)-GI4) under the regime p =~ pi. The
interest is motivated by the fact that p1/p ~ 0.99 is a typical value of the density ratio in realistic
conditions. For example, according to the measurements in [44] for the Andaman Sea, p1/p = 0.997
and in [3] off the Oregon coast, p1/p = 0.998. We do not pursue such investigation here; however, we
note that the coefficients K and K; defined in (611l get significantly simpler. We provide estimates
on the k and K; in this regime in Lemma [B.1.

7. LOCAL WELL-POSEDNESS OF THE REDUCED SYSTEM

7.1. Setting of Problem. We first review some local and global well-posedness results on the BO
equation and related systems. We start with the Cauchy problem for the classical BO equation

v+ H(vgz) = vug 5 v(z,0) = vo(x), (7.1)

where H is the Hilbert transform defined in ([2.I8). The equation is integrable by inverse scattering
[1] and has an infinite number of conserved quantities, the first three being, the L?-norm

/Rv(x,t)zdx:/Rv(x,O)2 dz, (7.2)

/R <v7—[(vx) - %03> da, (7.3)

/R (vg - %ﬂ%(vm) - év4> dz. (7.4)

A broad survey of PDE and inverse scattering methods for the Cauchy problem of the Benjamin-Ono
equation and Intermediate Long Wave equations can be found in Chapter 3 of Klein-Saut [36].

the Hamiltonian

and the next one in the hierarchy

The question of well-posedness of the Cauchy problem has been studied extensively for progressively
rougher classes of initial data in H*(R). Local wellposedness of solutions in H®, s > % was obtained by
Torio [28], extended to global solutions in s > 3 by Ponce [50]. Using dispersive estimates, Koch and
Tzvetkov [37] extended the local well-posedness to s > 5 and Kenig [32] further improved it to s > .
By performing a gauge transformation to eliminate high-order derivatives in the non-linear term and
applying Strichartz estimates, Tao [5I] further shows global wellposedness in H®, s > 1, where the
global result is due to the invariant at the level of H'. Later, Burq and Planchon established well-
posedness locally for s > % and globally for s > % [9]. Lastly, global well-posedness was established
for s > 0 by Ionescu and Kenig [27] and Molinet and Pilod [41].

Analysis of the higher order BO equation brings serious difficulties. Linares, Pilod and Ponce [40]
proved local well-posedness for H? initial data of the Cauchy problem for the following higher-order
BO equation

0 — bH(Vpg) + AUy = cvUg — d (VH(v5) + H(vve)), ;0(0,2) = vo(x). (7.5)

For lack of conserved quantities at the level of H?, a global result was not established. However, a
little later, Molinet and Pilod [42] proved global well-posedness for H! initial data. The main effort
was to prove existence locally in H' and then they used the conserved quantity at the level of H! to
obtain global well-posedness.

Turning to coupled systems, the BO-Schrodinger system

i0yu + 02u = auv
0w + 0, (|Dy|v) = BOL(|ul?)
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was derived by Funakoshi and Oikawa [21] in a regime where the internal wave has a smaller amplitude
than the surface one. In particular, the BO equation does not have nonlinear terms.
This system has the following three conservation laws:

M:/|u(gc,t)|2dx (7.78)
R
L= _i/ |U(x,t)|2dx—1m/umdx (7.7b)
2[3 R R
_ 2 Qv 1/2,12 2
H /R((M 511D=l 0l + v )da. (7.7¢)

In the context of several classes of systems (KdV-NLS, BO-NLS), Bekiranov, Ogawa and Ponce [7]
proved local existence in H®x H*~1/2 1 % 1, s > 0. Because of conservation laws, the solutions persist
globally in time when s > 1, av/8 < 0. Pecher [40] extended the global result to |v| = 1,a/8 < 0,
and s > 1/3. Angulo, Matheus and Pilod [2] further improved global well-posedness to s = 0,
v # 0,|v| # 1. Finally, we mention a recent article of Linares, Mendez and Pilod [39] who included
nonlinear terms in the Schrodinger and BO equations and proved local existence of solutions in
H*/2 x H5, s > 5/4.

Our system (6I3)-(@I4]) derived in the previous section combines two difficult issues, high order
terms in both equations and coupling. For this reason, we will restrict ourselves to a simplified version
of it, where we neglect the last two terms of each equation, namely we will consider the system

O + adir — bHOIr = crdyr — dOy (rHdyr + H(rd,r)) + B0, (lal?),
i0yq — ad?q = —Bqr, (7.8)
’I”(.I,O) :To(fE), q(x,O) :qO(‘r)v
where z,t € R, v is a real-valued function, a is a nonzero real number, b, ¢, d, 5, a, 3 are positive real
numbers. Solutions of () conserve the Hamiltonian (energy)

b a c d
El = / <_§T|Dm|r - §|(91'f‘|2 - a|amQ|2 - ETB - ﬁr|q|2 + 57‘2|DI|T‘> dx
R

E, ::/|q|2d:10.
R

The L2-norm of r, however, is not preserved. Instead, we have the conservation of the quantity

1 _
E5 = —/er;v—l—Im/qaqux.
2 Jr R

Our main well-posedness result for the system (Z.8)) is the following:

and the L?-norm of the solution g,

Theorem 7.1. Let
X = (H*(R) N L*(R; z%dx)) x (H*(R) N L*(R; 2”dx)) . (7.9)
For every (ro,qo0) € X, there exists a positive time T = T(||(r0,q0)||x) for which the initial value
problem (L8) admits a unique solution (r,q) € X satisfying
(r.q) € C([0,7]: X),
olr € L°([0,T]: L= (R))  forl=0,1,2,
d3r € L* ([0, 7] : L}, (R)),
dp(zr) € L* ([0,T] : L}, (R)) .
We point out that Theorem [Tl implies the boundedness of the weighted L2-norms of r and g,

loc
which are necessary to control the gauge transformation (.25). The additional properties of r in
([TI0) appear as a result of boundedness of the semi-norms (83) used in the proof.

(7.10)

o~ o~
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7.2. Strategy of the proof. The proof is based on a standard contraction mapping principle for
appropriately chosen norms, which we will discuss in more details below. The main difficulty in the
analysis of (Z.8) is the presence of second-order derivatives of r in the nonlinear part of the Benjamin-
Ono equation. Such terms cannot be treated using smoothing estimates as in Lemma [7.3] since the
second inequality in (C.I0) can handle only up to one derivative. To overcome this difficulty, we
introduce pseudo-differential operators Py and P_, which correspond to projections into positive and
negative frequencies, respectively:

Then, the relations
H=—-i(Py —P_) and 1=P,+ P_. (7.11)

allow to apply Py to the BO equation, see ({22) and ([Z23]). The high-derivative nonlinear terms
of these equations consist of terms rd3 Pyr and terms involving the commutator [Py,7]. The most
problematic out of these two is rd2 Pyr, since the other term can be treated using a commutator
estimate from Lemma [74] proved in Dawson, McGahagan and Ponce [I8]. To remove the problematic
term, we use the idea of a gauge transformation, initially introduced by Hayashi and Ozawa in [25] in
the context of the NLS equation and applied by Tao in [51] and Linares, Pilod and Ponce in [40] for
BO equation. Our gauge transformation function ¥, defined in (C25]), is constructed as in [40]. As a
result of these algebraic steps, we rewrite the BO equation as a system of three nonlinear PDEs for r
and wy = U1 0, Pyr, see (T3)).

The proof of Theorem [[T]now follows from solving the system (Z.31)) coupled with the Schrodinger
equation in (Z.8)) and using a fixed point argument. Namely, we intend to solve the system

(0; + ad? — bHO?) r = N(r,ws) + 80, (1),
(0r + ad2 +ib02)wi = My (r,wy) + 2id ¥ [Py, r]02(V_w.) + BULIZP (|qf?)
(0 + ad2 — ibd2)w_ = M_(r,wy) — 2idV_[P_,r|02(V w_) + BY_92P- (|q|*), (7.12)
idiq — adiq = —Par,
7(2,0) =ro(x), ¢(x,0)=qo(z), wi(x,0)=wyo:=Vi10,Pyro.
Proposition 7.2. Let
Y = (H'(R) N L*(R;2*dz)) x H'(R)* x (H*(R) N L*(R; 2°dx)) .

For every (ro,wx.,0,q0) € Y, there exists T = T(||(ro, w+,0,90)|ly) for which the initial value problem
[TI12) admits a unique solution (r,wx,q) €Y satisfying
(ryws,q) € C([0,T]:Y),
olr, 0Lwy € LY ([0, ] P(R))  forl=0,1,
d2r, 02wy € L ([0,7T) : L, (R)) ,
0x(ar) € L? ([0, ] Li,c(R)) -

From the definition (.20, it is clear that Proposition implies Theorem [Tl Indeed, one can
relate the functions r and w4 via
(%Cr = \I/,’ij + \I/+w,.

In Section B we provide the proof of Proposition [[.2] which follows from the fixed point argument
applied to the integral form of the equations (ZIZ). The integral forms are given in (8I)—(82]).
The semi-norms we use are similar to those in [40]; they are given in ([83)—(84) with an additional
semi-norm needed to get the H>-norm estimates for the solution ¢ of the Schrodinger equation. We
point out that the norms Al and Al involving the cut-off function (TI3)) are needed to control the
terms involving 92v and d?w~. The example of such treatment is given in (8I1]), where we face 92v
appearing from ”N”Hi in (88). In view of (T.28), it may be also possible to control %v by means of

M (wy) or AT (w4) as in (BI5); however, similar ideas seem to fail for 92w .
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7.3. Preliminary lemmas. Throughout the rest of the paper, we denote (t) := /1 + t2. We write
a < b if there is a uniform constant C such that a < Cb. If a < b and b < a, we write a ~ b.

We introduce a cut-off function x(z) € C°(R) such that 0 < x <1, x =1on [0, 1], suppx C (-1, 3)
and set

r—j
Xj/n (@) =X ( I ) (7.13)
for N € Z,. Note that, by construction,
—+oo
Z Xj/n(z) = N forall z € R. (7.14)
Jj=—00

The analysis of the equations in (Z.8)) involves linear operators (ad2 —bH09?), (a02 £ibd?) and iad?,
so we define the corresponding unitary groups in H*(R) as follows:

V(t) = e t(ady—bHOT) Wi(t) = e~ HadEDIY)  ang U(t) := ity (7.15)

Lemma 7.3. (Strichartz estimates) Let S be one of the following semi-groups: V or Wy. Then, for
every T' > 0 and every function h of sufficient reqularity in x, we have

EGLre

- 1/2
(sup/ /‘xj/N(:v)(?IS(t)h(:v)fd:vdt) < <T>1/2||h||L§7
o JR

jez (7.16)
1/2
2
> sup sup [x;j/n (2)S()h(x)| AT [Ibll s
— 0<t<T z€R
JEZ
where x;/n is given by (LI3) and N = N(T)~1+T.
Moreover, for the semi-group U(t) we have
1/2
2
> sup sup[x;n (@)U ()h(z)] ATl (7.17)

ez 0SI<T ek

Proof. For the proof of [[I6]), we refer to Lemma 2.1 in [40] and references therein. For the proof of
[C17), we refer to Theorem 3.1 in [33] and references therein. O

The commutators involving the two projection operators
[Py, h]:= PLh — hPy (7.18)
satisfy the following estimate proven in [I8].

Lemma 7.4. (Commutator lemma) Let h be a function of sufficient reqularity, then for any p > 1
and nonnegative integers l,m with | +m > 1, there exists a constant ¢ = c¢(p,l, m) such that

03[P, BT f ||y < O™ Rl | 1l - (7.19)

We will also need the following result, which shows the commutativity property of a space variable x
with a linear operator associated with V' defined in (Z.15).

Lemma 7.5. (Commutativity relation) For all h € S(R), we have

(ad2 — bHO?)(xh) = (3a0? — 26HO)h + x(ad> — bHO?)h. (7.20)
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Proof. The computations for 3 part are straightforward. For H0?, we derive the estimates using the
Fourier space. Indeed, using the integration by parts, we can write

HO?(xh) = / ik?sgn(k) zh(k)e™ dk
:/ak (|k|ke™) h(k)dk

= / (2ksgn(k) + iz|k|k) e h dk = 20, Hh + 20> Hh.
O

7.4. Reformulation of the Benjamin-Ono equation. The goal of this section is to rewrite the
Benjamin-Ono equation as a system of three partial differential equations for dependent variables r
and w®, where w* are defined in terms of d,r. Ultimately, the non-linear terms in the system for

(v, w*) only involve first-order derivatives as shown in (Z.27h)), (7.28) and (Z.29).

Applying the derivative 9, to the first equation in (T.8]), we get
(0 + ad2 — bHOZ) Our = ¢ ((87)® + 1021) — d ((92r) (HO,T) + 2(0,7) (HO2T))
— 3dH ((857“)(8907“)) —d (T(Hagr) + 7—[(7"827“)) + ﬁ@i (|q|2)

The Hilbert transform operator in the above equation can be expressed using the relation (Z.11]), and
projecting the whole equation onto P, we get

(8¢ + ad2 +ib 02) 0, Pyr = Py Q1 (r) + 2idr O3 Pyr + 2id[Py,r]03 Prr + BO2Py (lq)*),  (7.22)
where [P4,r] is the commutator defined in (ZI8) and
Q+(r) :=c ((8,r)* + v02v) — d ((02r)(HOL) + 2(0,7)(HO2r)) + 3id(Dxr)(Dar).

Projecting ([L2I)) onto P_, we get the equation for J,P_v, which can be obtained from ([22]) by
taking its complex conjugate,

(0 + ad2 —ib 02) 0, P_r = P_Q(r) — 2idr 02P_r — 2id[P_,r|02P_r + BO:P_ (|g]*).  (7.23)

To eliminate the higher-order derivative term vd2 Py r in (Z.22)), we multiply the equation by a function
U = U(x,t), which will be chosen later. Then using the identities

U0, 0, Prr = 0 (VO Prr) — (0p9) (0 Py 1),
aVI20, Prr = ad (WO, Pyr) — 3a(0, V) (02 Prr) — 3a(02W)(0?Pyr) — a(92W) (0, Py r),
ibUO20, Pyr = ibD2(VO, Pyr) — 2ib(9, V) (92 Py 1) — ib(92W) (8, Pyr),
we get
(0r + ad2 + ibd2) VD, Pyr = (0,9) (0, Pyr) + 3a(8, ) (82 Por) + 3a(92T) (92 Py )

+ a(030) (0, Pyr) + 2ib(0, ) (02 Pyr) + ib(02W) (0, Pyr)
+UP, Q. (r) + 2idVv 93P, v + 2idV [Py, 7|03 Py r
+ BROIP: (la*) .

The higher-order derivative terms involving 92 P, 7 will vanish if we choose a function W that satisfies

(7.21)

(7.24)

300,V + 2idUr = 0 = U(z,t) = 34 /oW1, (7.25)
The term 0, ¥ in (Z24)) can be found from (Z27]) as

%d _ [*
80 = —L\If/ redy
3a

 2d 9 c 5
= —5\1/ (—a@wr + bHOr + 3" dr(HOozr) — d’H,(r(?mr)) ,
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where we used (8] to define ;.
Setting ¥, = ¥ and ¥_ = ¥, we define the function on left-hand side of (7.24) as

Wy = \IJ+8xP+T. (726)
We also define w_ := ¥_0, P_r = w4 whose evolution equation is given by the complex conjugate of
(T24). Under the condition (T25)), the equation (Z24)) becomes

(O + ad? + ib0*)w, = —Zz))%luur (—a@iv + bHOr + 51“2 —dr(HOyr) — d’H(r&mr))

302 ) (2P r) + a0, ) (0. Pyr) + 20b(0,V 1) (02P7)

+ib(D7W 1) (8 Pir) + W PLQy (r) + 2idW 4 [Py, 1]0; Pyr

+ BV 2Py (|af*) (7.27a)

M () 20 [Py R0 wy) + BV, 02P, (0F), (T27h)
where we write 93 Pyr = 92(¥_w, ) and M, denotes the sum of all terms in (Z.27h) except the last
two. Note that, based on the definitions of wy and ¥ in (Z.25)), the nonlinear function M can be

expressed as a polynomial involving terms in 7 and w4 up to their first derivatives only. Indeed, the
second order derivative terms appearing in (Z.27h) are treated similar to the following

02r = 0y (Py + P_)0y7) = 0 (W_V, 0, Pir + U, U _0,P 1) =0, (V_wy +V w_), (7.28)

while for the terms involving 92¥ we use (7.25]) as well. Taking the complex conjugate of (Z.27h)), we
get an equation for w_ given by

(0 + a2 — b2 w_ = M_(r,wy) — 2idV_[P_,7|02(V w_) + BY_92P_ (|q?), (7.29)

where M_ = M. The equation (Z.27h)) is now ready for further analysis.
We also rewrite the original Benjamin-Ono equation in (Z.8) using the newly defined function wy.

We note that its higher-order derivative terms in the nonlinear part can also be simplified as in (28]
using identities (TI1]) and (T25). For example,

O (rHOyr) = —i0y (VLW _(Py — P_)0yr) = —i0y (r(V_w4 — Yyiw_)).
Repeating similar manipulations for the rest of higher-order nonlinear terms, the equation for v in
([T8)) becomes
(0 + ad2 — bHOZ) 1 = cv0yr + 1dOy (r¥_wy — vV w_) — dHO (r¥ _wy + ¥ w_)
+ B0: (|al?) (7.30)
= N(r,wy) + B0: (Ja?) .

where A is a polynomial involving terms in v and w4 up to their first derivatives only. As a result of
the above steps, the Benjamin-Ono equation in (Z.8)) is equivalent to the following system of equation

((% + a@i — bHaz) r= N(Ta wi) + ﬁaw (|q|2) ’
(8¢ + ad2 +ib02)wy = My (r,we) + 2id¥ [Py, r]02(V_w,) + BYLO2P (|q%) (7.31)
(8¢ + ad2 — ib02)w_ = M_(r,wy) — 2idV_[P_,7]02(V w_) + BY_92P- (|¢|?)

Finally, we write the evolution equation for xr and zu, which will be used later to get estimates of
v and v in the weighted space L?(R;z%dx). We multiply (Z.30) by =, and using (Z.20)), we can write

(0 + ad2 — bHOZ) (z1) = (3002 — 2b6HI,)r + zN (r,ws) + Bz, (|g?) -

Similarly, we obtain
(8t + ia@i) (xq) = 2iad,q + iBxqr.
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8. PROOF OF PROPOSITION

Equations for 7, w4 and g are written in Duhamel form as
¢

r(t) =V(t)ro + / V(t—s) (N(r, wy) + B0 (q?) )ds (8.1a)

0

t
w (t) = Wa(t)w o + /Wi(t - s)(/\/li £ 2idV [Py, 7])02(Vwy) + Y L92Py (|g]?) )ds (8.1b)
0

t
q(t) =U(t)qo + iﬁ/U(t — 8)(qr)ds, (8.1c)
0
where w4 o 1= U410, Pyry, while the integral equations for the weighted functions are

t

ar(t) = V() (zro) + / V(t—s) ((3@85 — 2b6HO,)r + zN (r,wy) + B2, (|g]?) )ds (8.2a)
0
t

xq(t) = U(t)(xqo) + i / U(t — s)(2a0,q + Bxgr)ds. (8.2b)

0

8.1. Estimates on semi-norms. We introduce the following semi-norms: for any 7' > 0 let

M (h) = sup |[h(z,t)]| g1 5
0<t<T

A5 (h) = Hh(xvt)”Lg(O,T)Lgo + 10z (x,1)] L8(0,T)Lge >

1/2

T
A () = (1) (sup [ [ o @Rt o at |
JEZ
R

0
1/2
i . )\ (8.3)
Ap (h) =(T) Z sup sup‘xj/N(x)h(:v,t)‘ ;
o7 0St<T aeR
A (h) = sup |[lzh(t)]|,> ;
0<t<T =
. 1/2
A = (1) (sup [ [ oy @0 (eha )P dode |
jeZO 2
and r
py (h) = sup [[h(t)| g - (8.4)
0<t<T

Let Y and Y7 be spaces defined as
Y= (H'(R)NL*(R; 2%dz)) x H'(R)? x (H*(R) N L*(R;2%dx)) ,

and
Yr = {(r, Wy, q) € C([O,T];Y) sl we, @)y < oo}7
where
[(rswe, @lly = lrllas + lzrllzz + [lwillm + lw-|lg: + lallzz + [|zql 2z
and

6 4
1(ry waes @) v i= Y A (1) + D A (wa) + 4 (a) + AT (q) + Af (a)- (8.5)
=1 1=1
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Lemma 8.1. The following estimate holds for the semi-norms in (B3)—(B.4):

[(r, we, @llve < <T>||(T07wi707q0)|‘y+/; <<T>||N(8)IIH;+<T>||Mi(8)IIH;+|\va(5)|\Lg)d8

[ (M) + VIV z + s (a3 + o ) s

(8.6)
T
[ @) (10slPe W)y + (W0 Pe(la()] )
0
+T(r,we, q)15
Proof. We show the steps to derive the bounds for the semi-norms \¥'(r),..., A (r). The bounds for
the rest of the semi-norms in ([83) are obtained in a similar fashion.
Using the integral equation for v in (81 and Minkowski inequality we get
t
A1) S IV Ol oy + | [ V=5 W00+ 0007 s
0 L§°(0,T)HY (8.7)

T T
S Iltoll a2 +/ IV ()| ry ds +/ lg* ()| 2 ds.
0 0

Next, for [ = 0,1 using Minkowski inequality and Lemma [[3] we have

t
10 ls0me < IV ORrollLsore + H [ V=9 0N + 0 o) as

L$(0,T)Lg°

T
S lokrollsz + || [ 1V~ 5) QL) + 851 (1aP)) - ds
0

L§(0,T)

T
< lrolla + / IVt - 5) (LN (5) + 81 (a)) sco.rpoe s

T
Sl + [ (WG + 1?1z s,
0

and this gives the bound for AZ(r).
Similarly, for ¥ (r) we get

1/2

JEZ

T
(2N (r) < sup//‘xj V02V (t roazt|d:1:dt
0 R

1/2
‘ /

jlelg// /X] )02V t—s)( (r,ws) + B0, (|q|)) s| dx dt

0

= Il + IQ.
The first term I; can be easily bounded using the corresponding linear estimate in (Z.10) as

I S (T2 ol -
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For the second term we use Minkowski inequality for L2L! to write
9 1/2

//‘Xj(I)(ﬁV(t—S)(N(r,wi)+ﬁaz(|q|2))’ds "
R [0

" 1/2

50/ R/’xj(x)ai‘/(t—s)(./\/'(r,wi)—I—ﬁaz (|q|2))’2daz ds,

and then we get

T[T
I, < sup/ / /
JEZL
o \0o \R

1/2 2

x5 (2)02V (t — 5) (N(T, wi) + B0y (|(J|2) ) ‘Qdﬂc ds | dt

x5 (2)02V (t — 5) (N(r, wy) + B0y (|Q|2) ) ‘de dt ds

2

<.
m g
N
O\H
—
O\H
%\

1/2

Xj(:v)agV(t—s)(/\/'(r,wi)—i—ﬁam (|Q|2)>‘2dw dt ds

where we used Minkowski inequality again for L?L! and the linear estimate (T.I6) for the last in-
equality. The above bounds for I; and I lead to the desired bound for Al (r). The bound for A (r)
is derived similarly to the above estimates for A1 (r).

For Ml (r), we use the integral equation in (8.2]) and the Minkowski inequality to write

T
A5 (r) S llaroll 2 +/ (I7llez + 2N ()] 22 + |20z (lal?) | 22) ds. (8.8)
0
To get the appropriate bound for the sup term, we recall (Z.25) and (Z.2])), so that
7l a2 S rlle + llwellm + lo-llay + Irlloe (lwtllzz + lw-[lz2) .

which implies

sup _[|rllmz S AT (r) + AT (we) + [|(r,we, )32
0<s<T

Then, using the bounds for A{ terms as in (87), the above estimates give
T
X5 (r) SAT) |I(ro, w0, a0) lly +/0 T (IN(s)llms + llg* ()l a2 + 1Mt ]| 122 ) ds
T
t [ T (WelPe 2 (Wws) iy + 10202Pe () 5) ) s
0

T
+ /0 (leN ()12 + 00a (laf?) llz2) ds + Tl (r,w, @) 152
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8.2. Estimates on time integrals of the nonlinear terms. Here we provide the bounds on the
time intervals appearing on the right-hand side of (86]).

Lemma 8.2. There exist positive T-independent constants 01,602 > 0 and an integer N > 2 such that,
for a polynomial p(y) = y> +y>+ - +y", we have

T
/0 (<T>HN(S)||H; +(T) Mz (s)|l 2 + ||$N(S)||L§)d8 ST p(||(r, 0, 9)lve)- (8.9)

Proof. Recall from the construction that all the terms in the polynomials N and My are written
in v and w+ up to their first derivatives at most. As a result, without loss of generality, we can
consider (9,7)¥_w, and (0,94 )(02Pyr) as generic terms of ' and M, respectively. Note that
O2P,r = 0,(V_w,), so the generic term of M4 can be written as (9, V)0, (¥ _w.).

Then, for the H! norm of the generic term of N integrated over time, we have

[[(02r)¥ —wy|

oy S lwiY_0pr|lpioryrz + 10x(wi W _0z7)|[ 110,y L2

The first term is bounded using the Sobolev embedding as follows:

lwy O 0zrll L1 0,ryL2 S Nlwll Lo 0,120 1027 oo 0,7y L2 1 [ L1 (0,7 Lo

(8.10)
S TAL (W)X (r) S Tl (r,wa, 9)[13

The estimates for the second term are more involved, and we have
02 (W ¥ _0ur) L1 0,1y2 S [1(Oxws ) (W—0ur) | L1(0,my22 + |ws (9 Y ) (027 10,72
+ [Jwy O (92r) || L1 o,y L2 -

We only show how to deal with the last term involving the third derivative, and the rest of the
terms are bounded in a similar or easier way, using (Z.25) when needed. For the last term, using the
Cauchy-Schwartz inequality in s, we get

T 1/2
o (@20 |11 01702 S T2 ( | s o2 ds>
0 R
1/2

T
<7V (Y / / oy (2w O2rf2de ds
0 R

JEZL

(8.11)

S TVAHT)YPAL (AT (wi) S TYAHT) || (rws, @) IR

where we used (Z.14).
Next, we prove the bound ([83) for the || M ||g1-related terms. Dealing with the generic term of
M, we have

[1(02W 1) 0 (V—wi )10, mym1 S 1(02W4)0a(V—w)l|L10,ryr2 + 102((02V+)0u (V—w)) || L1 (0,7) L2
< ||U\Il+8x(\ll*w+)”Lé(0,T)Lg + ||8w(v‘1’+ax(‘1’7w+))HLg(o,T)Lg7
where we used the definition of ¥ in (20]). Here, the first term can be treated similarly to (810,
while the estimates for the second term are similar to (810) and (81T).

Finally, we show the estimates for the generic term of [|zA|| 2. Using the relation 0, (zr) = r+x0,v,
we write

[2(02r)¥—w || L10,mye2 S |00 (@r)V_willrroryre + 1V —wy Lo, L2
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The last term is treated similarly to (8I0), while the first term is treated like (8IT]) as follows:

T 1/2
100 (&) ¥ w30,y S T2 ( | [ s outen)Pas ds>
0 R
1/2

T
ST [ [ o oenfds ds
0 R

JEZ
S TYHTP PG (A (wy) S TP (r ws, q)13,-
O

Lemma 8.3. There ezist positive T-independent constants 61,02 > 0 and an integer N > 2 such that,
for a polynomial p(y) = y* +y>+ - +y", we have

T
| (s + @)z + 0Pz + loarl 2 )

ST 2p ()| (r, wa, @)l ve)-

Proof. The last three terms on the left-hand side of [8I2]) are easy to deal with. Indeed, we have

(8.12)

la* | Liomymz S TllallZsomymz S Toi (@2 S Tl we, @)Y,
where we used the Banach algebra property of H? space,
[20:(la1) L1 0,my22 S Tlwgll oo,y 2 1l oo o,mymz S TAE (@t (@) S TN (r w, @)3,,

and similar steps for [|zqr| L.
When dealing with |lgr|| gz, the most problematic term is qd3r which can be treated similarly to

(BII). That is
g8 |

L1012 S ||q6§(\11_w+)| Lio,r)rz + ||q5£(‘1’+w—)||L;(o,T)L§,

where we decomposed 921 similar to (Z.28). The bounds for these terms can be derived using the

steps as in (8IT]).
O

Lemma 8.4. There exist positive T-independent constant 01.02 > 0 and an integer N > 2 such that,
for a polynomial p(y) = y? +y>+ - +y", we have

T
| (1P 02y + 19 £02P () ) s S T (D) (I s va)- (513

Proof. The bound for the second term in ([8I3]) can be obtained using the Banach algebra property
of the H? space,

102 Ps(la*) L1 o,mym: S 19202 Pe(lg) 1o,y + 102 (W£02Px(1a1*)) 1o, Le
N ||3§(|L1|2)||L§(0,T)Lg + ||T8£(|LI|2)HL§(O7T)L§ + ||8g(|LI|2)HL§(O7T)L§
S MalPllzzorymz (14 117l oo,y
ST (Irwe, 9lIY + 11(rwx, 9)3) -

To treat the first term in (8I3]) we use the commutator estimates (L.I9). First, we write

19+ [Ps, 7]07(Prws )]

ona: S 1Ve[Pe, 7|03 (Yxwi)l Lo,z

9 (8.14)
+ 110z (q}i[Pﬂm T]Bm(\qu:wi)) ”Lé(O,T)Lg'
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Then, using Holder inequality in s, (ZI9) and (Z.25]),

Wi [Ps, 707 (Uzws)ll L0y L2 S /OT |07 | oo 102 (Vrwa) || L2 ds
S T5/6H8m7"| LS(0,T)Lg (||7"|
ST (I we, )3, + [1(rws, )l3;) -
For the second term in (8I4), using (Z2H), we have
10z (V£ [Py, 7107 (Prws))]

reo,mne lwell L o,ryp2 + llwel Lo 0,711 )

Loz S 1Wer[Pe, r]03(Yzws)|| Lo, L2
+ [ W0, [P, 7)02(Wwe )| 10, 22

The most difficult term here is the last one, when the derivative hits the commutator part. To treat
it we again use (Z.19) as follows

T
190 [Py, )07 (xwe) | L1om)L2 5/ 1077 ]| e 100 (Vw2 )| L2 ds
0

ST (A3 (we) + A7 () M (w) (1+ AT (1)),
where we used Holder inequality in s and the relation (7.28)). O

(8.15)

8.3. Fixed-point argument. Applying the results of Lemmas R2RA4 to the estimate (8.4]), there
exist positive constants C, #; and 65 such that

H (Tv W+, Q)HYT < C<T>|| (TO, W+,0, qo)”Y + OTGl <T>02p (H (Tv W4, Q)HYT) . (816)
Now the proof of Proposition [[.2] follows from a fixed point argument applied to the integral equations

in (BI).
We provide the proof for p(y) = y? in BI8). The proof for general case p(y) = y? +y> + ..y~
follows in the same manner. Starting from the estimate

1, wa, @)y < C(T)|(ro, w0, 90)[ly + CT*(T)%2 || (r, w, 9) |13, (8.17)
we show that, given € := ||(ro, wx,0,0)]||y, there exist 6 > 0 and T > 0 such that the map defined by
the right-hand side of the integral equations (BI)) takes a ball of radius §, in Y7, which we denote by
BE/T, into itself. Moreover, repeating the same arguments one can verify that the map is a contraction,
hence, there is a unique fixed point in B;/T. The value of T is not known beforehand, so we show the
proof for both possibilities: T'< 1 and T > 1.

Assume T < 1, so that (T') < 2. Then, (8I7) becomes

1, wa, @)y < Cll(ro, wa0,q0)ly + CT || (r,we, a)|13, (8.18)

for another choice of C' and the proof is standard.
If we assume T > 1, then (T") < 27T. Then, [8I7) becomes

|| ('f’, W4, q)”YT S CT” (T07 W+ 0, (JO)HY + CTGH (T7 W+, q)”%/T (819)

for another choice of C' and 6 = 0; + 05. From (819), we want to show the existence of positive § and
T such that

OTaS%é and CT?6% < =6.

N | =

This can be done with careful computations, and we derive
T:= 5_1/(1+‘9)(2C)_2/(1+9) and 0§ := 59/(1+9)(2C)(9_1)/(1+‘9). (8.20)

Note that for sufficiently small ¢ > 0, § in ([820) is sufficiently small too and the bound for T is
compatible with the corresponding assumption 7" > 1. Moreover, this shows that as ¢ — 0, we have
T — oo. On the other hand, for sufficiently large € > 0, the bound for T is not compatible with 7" > 1
assumption, which guarantees that 7' < 1 in such case.
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APPENDIX A. PROOF OF PROPOSITION

Proposition A.1. The cubic part of 1 is given by

1 _ _
1% =2 / [ = on (DB'GR€)? = (0 = pu)n (G B G1Pe)*
R (A1)
+pin (DB 'GO)? — pimy (GO By G €)? | da.
Proof. Using the expansions (Z10) and (Z22) we get
GuB'G = (G +c4” + Gl (Bo_l - Bo_lB(l)Bo_l) (GO + @D + heot.
_ th})Bo—lg(o) + plg(o)Bo—l(Ggllo) + Gg(il))Bo—lG(O) + PGﬁ)Bo_lG(l)Bo_lGﬁ) T hot
From the definitions ([220)—(Z21]), we have
10 0), (0
Ggl ) = G§1)77G§1) — DnD, A2
01) _  ~(0). ~(0) (A.2)
Gy’ = —GiymGiy.

We substitute (A.2) and G from (2I7) into the expression for G1; B~'G to rewrite it in terms of
the leading terms of the Dirichlet-Neumann operators. Then, we put the result back into I in (T
to obtain (A). O

Proposition A.2. The cubic part of 11 is given by
n® - /R |~ (DB GRO(DB G 6) — (0 - pIn(GO By G (GO By 61 &)
~ (DB GO (DB ' G56) (4-3)
—m (G B GO (GOBT (G + p6 ) ) | d
Mtz Bo o (MG +p )é1 T.
Proof. We expand G(n)B~'G12 in the definition IT in (1) using (2.16) and (Z.22), and obtain
G(mB™' Cha = GG By + (DnD — GG ) By 6 + GO By GGy
- QOB GG - pGO BN (G nGLY - DaD)By G

(A.4)
+ 9GO By G m Gy By Gy — m GO By DnD By Gy
+mGOBIGOGO B G + hot.
Next we group the first part of the fifth term and the third term in (A4]) as
GO By GGy — pG By G nGhY By Gy = ;GO By GGy BTG (A5

where we used the definition of By in (222]). In a like manner, we combine the second part of the
second term with the eighth (the last) term to get —pGg(i)BglG(O)nG(O)Bgngg). We also add the
first part of the second term to the seventh term to get pDBO_IGgq)nDBO_IGgg). These computations
result in the n-related terms in (A4).
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The treatment of 1;-related terms in (A4) is similar, and we use the relation
2 2 2
(Gﬁ)) - (Gﬁ?) - (G<0>) . (A.6)

Proposition A.3. The cubic part of 111 is given by

1 - _
e = 3 /R [— (p— p (GO B GYe)? + %(p — p)n(DBy 1 GY¢)?

1 . 1 (A7)
- —m (G(O)Bo_l(pngl) + pG(O))ﬁl) — —m(Dé&)?
P1 P1
Proof. The proof follows from steps similar to the proofs of Proposition [A.THA.2] g

The expression ([&H) now follows from Propositions [ATHA 3

APPENDIX B. FORMULAS FOR COEFFICIENTS Kj

We provide the explicit expressions for the x and x; coefficients, which appear in the Hamiltonian
(BI3) and elsewhere in the paper. For the full derivation of the formulas, we refer the reader to
Section 6 of the PhD thesis of the second author [34].

The final expression for the coefficient x is

_ pP1 £1(0) ¢ 4(0)\2 1 (0)( 4(0)\2
= b A + A , B.1
K= g(p—p1)( Y (AL 2/’1\/%(& ) (A5 (B.1)

where the constants are obtained from the expansions

“(eDx) = F \/7 mIDx| + O() )

a0 4 eV Dx| + O(e?),

AELO) is in (B.I5) and Ago) is found from

As(eDx) = —¢ M <1 - sp—plh1|DX|) Dy i=¢ (AS” + sAgl>|DX|) Dx. (B.3)

The expression for kp is given by

K1 =— % \ %W)(O) (Biwi ) (ko) + %\/%a*)“”(@%wl Y (ko)

P (0) 2w—1 _ P£1 (0) 2w_1
+2 g(p—pl)(b+) (B3w; ") (ko) T g(p—p1)(b+) (Biw;y ) (ko)
1
- 2p1\/gp1(

where B; is defined in (@7), w; is in @3), (™)@ is in B2) and (57)© is in (GI4). For k2 we use
B9), (II'_ZI) GEI5) and (B3) to write

a™) O (Bwi ) (ko),

1

P1 (0) 1 — ©)(,—
kg = ——=e A (b7 By) (ko) — ——A (a7 Bs) (ko). (B.4)
go—p1) " NI
For k3 we have
1
ra = ——e () O AP A+ (") O AP AL, (B.5)

4
9(p— p1) P1V/9P1



28 ADILBEK KAIRZHAN, CHRISTOPHER KENNEDY, AND CATHERINE SULEM

For x4 we have

VP = P10 (B2t (ko) + Y2 (a*) O (B ) (ko)

Mg o 4V
+ mwm (Bjwi ") (ko) - %(bﬂ@ (Bw ™)' (ko) (B.6)
_ m(m@ (B3w ) (ko)
while
ﬁ5:—%v4£10)(b_34)'(/€0) W W (= Bs) (ko), (B.7)

Next, we write kg as

VP PL O (B2 (k) + Y2 () (Boy ) o)

YT T e 23
P B2 ) (k _ P B2wi ) (k
+3 g(p_pl)( )7 By (ko) = o = pl)( ) ) (ko) (B.8)
B ﬁm@*)(”wzw;l)(ko),

For k7 we use the expansion of Az in [@7) around 0 given by

h
As(eDy) = &2 , Mw |Dx =:e2A"|Dx|Dx
and get
p (0) /7 — pP1 (1) — 1 1)
R7 = 7./4 (b Bg)(ko) — 7%‘ (b B4)(/€0) (a B5)(/€0) (Bg)
ap—p1) " glo—p) " v
Finally, we write
1
s =~ () (AP 4 —— (") V(A2 =0, (B.10)

2y/g9(p — p1) 2p1/9p1
where the last equality is obtained by direct substitution of constants from (514, (5.15), (B:2) and
(B:3) into (BI0).

Lemma B.1. Letvy:=1— %1 be sufficiently small. Then, the coefficients & and K; in [GII) have the
following asymptotics:

B gl/An1/4
TRIEN. e
1/4 1/4 1/4h3/4 1—
Fim O, Ry = LI D) o) (B
4h] 31421 2v2p1
N gl/An1/4 N 1 —~)gl/4
O e LR R (1/4# L O ey,
2h \/ P1 4h1 73/4\/2p1

Proof. Note that, from (@3] and ([€4]), under the regime v < 1, we have

co =+vghi1y <1 and ko—m>>1
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The expressions (B.I1]) are derived from the above expressions k and r;’s using the expansions around
ko of a*, b* in (B.6) and B; in ([@T). These expressions are based on Qq, Qp, Q. from (B8], which in

turn, depend on G, Gg(i), Ggg). The latter satisfies the following expansions for ko > 1:

1
Ggg)(ko) = ko coth(hi1ko) = ko + O (_e—l/m)) 7
Y

1
G§%>(ko) = —ko csch(hiko) = -0 (56—1/(@)) .
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